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Constrained Optimization

inf  f(x)

xeRn
S.t. h,-(x) > ()7 | — ]_, ..., m } = Constraint set C
li(x)=0,j=1,...,r

D:domfﬂﬂdomh;ﬂﬂdom@-#@

=1 j=1

The functions are not necessarily convex
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Constrained Optimization

inf  f(x)

xeERn

S.T. hi(X) 207 I = 17---7m } => Constraint set C
KJ(X):O7.j:17"°7r

All functions are smooth, and could be non-convex

The Lagrangian function:

L(x;a,B)=f(x)— Z ajhi(x) — Zﬁjej(x)

with Lagrange multipliers o € R and 8 € R".
(implicitly, we define L(x; a, 3) = —oo when « 2 0)
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Lagrangian forms a lower bound

For any a > 0 and S (i.e., dual feasible),
f(x) > L(x;a,B) ateach (primal) feasible x.

Obviously, from the definition

L(x;a, B) = f(x) — Za, h(x) Zﬁj X)<f(x)

’1>o >0 _o

Let f* be the optimal obj. value and C the primal feasible set.
For any a > 0 and £,
f* > min L(x; o, )

xeC
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Dual Objective Function

Let f* be the optimal obj. value and C the primal feasible set.
For any a > 0 and £,
f* > inf L(x;a,8) > inf L(x;a,p) =: g(a, B)

xeC xER?

g(a, B) is the dual objective function, which gives a lower bound of f*
for any dual feasible u & v.
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Dual Problem

f* = xIEanRE” f(x)
Primal s.t. hi(x)>0,i=1,....,m

li(x) =0, j=1,...,r

Since dual objective g(, 3) gives a lower bound, the best lower bound
can be obtained by maximizing it for all dual feasible variables:

g-= sup glo,p
Dual aC€R™ BER? ( )

s.t. >0

Weak duality: * > g~ Always true!
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Dual Problem is Always Convex
Optimization

( )

g(a, B) = min < f(x) — Za;h;(x) — Z@'@'(X)

Va

xXERN

\ /

\

= —max{ —f(x) + Zoz,-h,-(X) + Zﬁjgj(x) %
i=1 J=1

xERnN

/

Pointwise maximum of convex (affine) functions in («, 5)

Therefore g is concave in (@, 3). With a > 0 (convex constraint), this
implies that the dual problem is always a convex optimization, even if
the primal is not.
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Duality Gap

For primal optimal x* and dual optimal (a*, 5%),

(duality gap) := f(x*) — g(a™,8%) > 0
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Strong Duality

Strong Duality & * = g* < No Duality Gap

For convex primal problems, we have strong duality if

Slater’s condition holds: there exists at least one
strictly feasible point in the primal
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Strong duality may hold in
nonconvex problems

min — x' x
X

st. x'x <1

L) =—x"x=AMl-x"x)=(A-1)x"x—= )\

A A>1 . _
g(\) { = Dual problem: max —A\

A>1
—O0 O0.W. o

There’s no duality gap!!
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Constraint Qualification (CQ)

CQ is required so that Lagrange multipliers will exist satisfying
the KKT conditions

 LICQ (Linear independence CQ): the gradients of active
constraints are linearly independent at x*

- > Lagrange multipliers exist and are unique

« MFCQ (Mangasarian-Fromovitz CQ):
there exists w € R" s.t.

Vhi(x*)Tw > 0, for all active inequality constraints
VKJ-(X*)TW = 0, for all equality constraints,
and the set of equality constraint gradients is linearly inde-

pendent.
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Slater’s Condition

inf  f(x)
x€eRnN _ i
st. hi(x)>0,i=1,...,m D =dom f N ( Jdomh; N[ )dom¢; # 0

li(x)=0,j=1,...,r

 Slater’s condition:

there exists x € relintD s.t.

hi(x) >0, for all (non-affine) inequality constraints
li(x) =0, for all equality constraints.

Convex opt & Slater’'s condition = strong duality
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Ex. Convex Opt Alone Is Not Enough

p* = min e st. x*/y <0 D ={(x,y) € R?*:y >0}

x,y>0

L(x,y,\)=¢€e "+ )\Xz/y

A = inf (e 4+ \x? =
g(\) (X,y)ep( /y)

0 f A>0
—oc0 IfA<O

d* = max 0
A>0

p-—d*"=1-0=1
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Karush-Kuhn-Tucker (KKT)
Conditions

f'
min. £(x)
0 < u; ~ S.t. h,'(X)ZO, I=1,...,m
Vi ~ ﬁj(x) —0,j=1....r C : feasible set

(X; 0, V) satisfies the KKT if all of the following conditions are true:

r

0=V, L(x; T x*) — Z u;Vhi(x Z v;Vl;(X) Lagrange optimality
j=1
hi(x) >0, £;(Xx) =0 VI,J Primal feasibility
up >0, Vi Dual feasibility
U hi(x) =0, Vi Complementary
slackness
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Optimality / Duality
Considerations:

1.  When do optimal Lagrange multipliers exist ?
2. What is the relation between
x* primal optimal (X, 1, V) satisfying

(u*, v*) dual optimal ~ the KKT conditions

3. When can we solve a dual instead of its primal, and obtain primal
solutions from the dual solutions?
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First-Order Necessary Optimality
Condition (FONC)

Let x* be a (local) minimizer, at which CQ holds. Then
there exists Lagrange multipliers (&, V) satisfying the KKT
conditions at (x*, @I, V).

x* primal optimal

cCQ —

Multiplier (&, V) exists for which (x*, &, V) sat KKT
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FOC (Under Strong Duality)

x* primal optimal
(u*, v*) dual optimal
Strong duality

Primal is convex
opt

(x*, u*, v*) satisfies KKT
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FONC (Under Strong Duality)

Let x* and (u*,v*) be primal and dual solutions satisfying

strong duality. Then (x*,u*, v*) satisfies the KKT condi-
tions.

First, x* and (u™, v*) are primal and dual feasible.
f(x*)=g(u™,v")
— . E , >l<’ *
min (x;u™,v™)
< L(x*;u™,v")
< f(x7)

Therefore, all inequalities should hold as equalities.
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FONC (Under Strong Duality)

(') = £(u" v < minimizes L0617 V7).
and thus is a stationary point.

= min L{x; u”, vi)) .e. 0.€ 9 L(x"; u",v")
= L(x*; u™,v")

&
L(x 5 u™,v*)=Ff(x")— ur hi(x*) =) v li(x¥)

= u; hj(x*) = 0 should hold for all /.

(No assumption on the convexity of the problem!)
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Sufficient Optimality Condition
(Primal is Convex Opt)

Let X and (@, V) satisfy the KKT conditions.

Then, the duality gap is zero: X and (&, V) are primal and dual solutions.

g(l,v) = min L(x;1,7)

XERN
=f(X)— ) Uh(x)—) v {;(X)
; 2% 49
=0 (CS) =0 (feasibility)
i = f(X)

The primal is a convex opt:  f(x) convex, hi(x) concave, ¢;(x) affine
= L(x; U, ) is convex in x
= 0 € 0,L(X; U, V) is sufficient X to be a minimizer of L(x; U, V)
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Sufficient Optimality Condition
(Primal is Convex Opt)

Let X and (@, V) satisfy the KKT conditions.

Then, the duality gap is zero: X and (&, V) are primal and dual solutions.
Q: why X primal optimal?
SN e N, T T
F(%) = min £(x;5,9) = min {(x) ~ 87 h(x) ~ ¥7£(x)}
< min{f(x) — " h(x) — "4(x)}
xeC

< minf
=)
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FOC (Under Strong Duality)

x* primal optimal
(u*, v*) dual optimal
Strong duality

(primal is convex opt)

(x*, u*, v*) satisfies KKT
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Strong Duality: Dual - Primal

An implication of the proof of “FONC + strong duality”: given a dual
solution (u*,v*), a primal solution x* is also a solution of

: Lok Lk
min L(x;u™,v")

If L(x;u™,v") is convex in x, then x* can be found by solving

0 € O L(x";u",v™)

If n;{é] E(X; U*, V*) has a unique solution, then it must be the
X n

unique primal solution
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Fenchel Conjugate

f:R" — RU{4o00}, not necessarily convex

f Z£ 400, there exists an affine function minorizing f on R”

= f(x) > —o0 Vx  domf :={x:f(x)<+4oo} #

(F*:R” - RU {+00} is the conjugate of f defined by )

Fly):= sup f{yTX — f(x)}

N /

The mapping f — f* is called the conjugacy operation, con-
jugation, or Legendre-Fenchel transform.

f*(y) is always closed and convex
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Why Conjugate ?

Space of Points Space of Gradients
(Primal space) (Dual space)

y € R”

of”

F*(y) ;== sup {y'x—f(x)}

xedom f

(under some technical conditions, to be discussed)
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Calculus Rules |

a € R
g(x) =f(x) +a =g (y)=1"(y) -«
g(x) = f(x — xo) = g"(y)=f*(y) + vy x

gX)=f(X)+yx =g )=y —w)

g(x)=f(x) +y) x +a
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Calculus Rules |
a € R

gx)="f(ax), a#0 = g*(y)=f"(y/a)

g(x)=af(x),a>0 =g (y)=af(y/a)

g(x) = af(x/a), a >0 = g*(y) = af*(y)




Calculus Rules 1l

Separable sum:

f(x1,x) =g(x1) + h(xe) = (yi.02)=g"(1)+ h ()
Linear composition (A invertible):
g(x)=1f(Ax) = g"(y)=rf"(A""y)

Infimal convolution:

f(x)=inf (g(u)+h(v)) = Fy)=g(y)+h(y)
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Convexity

domfy Ndomf, # (), a € [0, 1],

[afi + (1 —a)h]” <afi + (1 - a)fy
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Fenchel-Young Inequality

V(x,y) € domf x R",
f(x)+Ff (y) > x"y.

Equality holds if y is a subgradient of fat x, ¥y € Of (x)

Inequality: obvious from the definition.

If y € Of(x), f(x") — f(x) > YT(X/ — x) Vx'.
Therefore y'x — f(x) > sup{y"x' — f(x')} = f*(y)
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Ex. Exponentiation

f(x) = exp(x)

—00 y <0
f*(y) =10 y=0
ylog(y)—y y>0
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Ex. Negative Entropy

f(x) = Zx,- log(x;)

f(y) = Z e
=1
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Ex. Indicator Function

F(x) = Ie(x) = 4

(O f x € C

O O0.W.

Conjugate:

\

f*(y) = IE(y) = sup y'x

xeC

This f*is called as the support function of the set C
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Ex. Norms

f(x) = |x]| F(y) = I .<1(y)

where [ly||, = ||m||a<XlZTy is the dual norm of || - |
Z|| >

f*(y) == sup{x"y — ||x||}
xeR" (Holder’s ineq.)

if |yl <1, then x"y —[Ix[| < x|l lly[l« = lIx[| < 0
if ||y|l« > 1, consider Z€ R" : |Z|| <1and 2"y = |ly].,

(t2)"y — ||tz] = t(Z"y — ||1Z||) = 0o with t = o0
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Biconjugation

P00 = (F) () = sup xTy = £(x)}

f"<f < epif™ Depif
epi ™" = clconvepif

If f is convex and closed, f** = f

Note that f* always satisfies the required conditions for conjugation.

TU Dortmund, Dr. Sangkyun Lee



Subgradient Connection

If f Is convex and closed,

y € 0f(x) & xe€df(y)
also, < f(x)+f*(y)=x"y

of

>

x € R" y € R”

of*
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Strong Convexity & Smoothness:
Duality

f closed and strongly convex with a constant o« > 0:
dom f* = R"

Vi*(y) = argmax {y'x — f(x)}, Vy € R"

xEdom f

V*(y) is Lipschitz continuous with the constant 1/«

This gives the fundamental idea of so-called “Nesterov’s smoothing”
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Ex. Dual of Lasso

A€ R™X"
min 1y — Ax|3 + Allx]
1 ,
XERrp,IanRm §Hy — z||5 + Al|x]|1, s.t. z= Ax
gt;zlctive: glu)= _inf .. %Hy — 2| + Allx[ls + u” (z — Ax)

. 1 .
= inf {§||y —z||* + uTz} +x|en]1£n {A||x]|1 — u" Ax}

zERM

1 1
= JlyI2 = Slly = ulP = Asup {vTx— [Ix|}, vi=ATu/A
xeRn
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1 1
g(u) ==yl = Slly — ull® = X sup {v'x—|Ix|li}, v:=A"u/A
2 2 .

Conjugate of ||x||1

. 0 iflv]« <1
f(x) = ||x]] f*(v) = {
X0 O0.W.
- v x
Dual norm: |v]« = sup v x= sup

x:||x|| <1 x:x7£0 HXH
1 o0
2 < || |2
p S qs p,qu,l/p+1/q:1.
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Dual problem:

0 o <1

sup g(u) = sup —Hsz——Hy UI2A{ Ivi , vi=ATu/\
ucRn uERn +00  0.W.

1
max ——Hy —ul]® st. [[ATulloo < A
ueR?”

. 2 T
Or, equivalently, — mm —Hy —ul]” st ||ATuljee <A

Rn

How to solve this?

Convex opt + Slater’s condition = strong duality holds

Given a dual solution u™, we can find a primal soln by solving
V. L(x,z5u")=—(y—2z")+u" =0
=z =y —u" = Solve for x*: Ax™ =
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Ex. Fused Lasso

1
in =||b— x||5 D
min - [ —x]l2 + Al Dx|x

D € R™*" : a penalty matrix

Ex. 1-D Fused Lasso

Ex. D is an incident matrix for a graph G = ({1,...,n}, E),

IDxlli =) |xi—x]

(ij)EE
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1-D Fused Lasso

Signal

ol . . mﬂ_

1| §

0 200 400 600 800 1000

Index

Friedman et al., Ann. Appl. Stat., 2007
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2-D Fused Lasso

Data Lasso

Fused Lasso

Friedman et al., Ann. Appl. Stat., 2007
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Fused Lasso: Dual

1
min  =||b— x||3 + A||Dx||1 D € R™*" : a penalty matrix
x€ERn 2

FISTA? The regularization term is not separable in general, so prox
operation may not be simple

ADMM approach is possible, e.g. using z = Dx

. 1 5
camin = x5+ Allzly

s.t. z= Dx

Or, we can consider the dual problem (homework)
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