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Constrained Optimization 
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è Constraint set C 

D = dom f \

m\

i=1

dom hi \

r\

j=1

dom `j 6= ;

The functions are not necessarily convex 

inf
x∈Rn

f (x)

s.t. hi (x) ≥ 0, i = 1, . . . ,m

!j(x) = 0, j = 1, . . . , r



Constrained Optimization 
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All functions are smooth, and could be non-convex 

The Lagrangian function: 

è Constraint set C 

L(x ;↵, β) = f (x)−

mX

i=1

↵ihi (x)−

rX

j=1

βj`j(x)

with Lagrange multipliers α ∈ R
m

+ and β ∈ R
r .

(implicitly, we define L(x ;α, β) = −1 when α 6≥ 0)

inf
x∈Rn

f (x)

s.t. hi (x) ≥ 0, i = 1, . . . ,m

!j(x) = 0, j = 1, . . . , r



Lagrangian forms a lower bound 
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Obviously, from the definition 

For any α ≥ 0 and β (i.e., dual feasible),

f (x) ≥ L(x ;α, β) at each (primal) feasible x .

L(x ;↵, β) = f (x)−

mX

i=1

↵i
|{z}

≥0

hi (x)
| {z }

≥0

−

rX

j=1

βj `j(x)
|{z}

=0

≤ f (x)

Let f ∗ be the optimal obj. value and C the primal feasible set.

For any α ≥ 0 and β,

f
∗ ≥ min

x∈C

L(x ;α, β)



Dual Objective Function 
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             is the dual objective function, which gives a lower bound of f* 

for any dual feasible u & v. 

g(α, β)

Let f ∗ be the optimal obj. value and C the primal feasible set.

For any α ≥ 0 and β,

f ∗ ≥ inf
x∈C

L(x ;α,β) ≥ inf
x∈Rn

L(x ;α,β) =: g(α,β)



Dual Problem 
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Since dual objective              gives a lower bound, the best lower bound 

can be obtained by maximizing it for all dual feasible variables: 

Primal 

Weak duality:  f ∗ ≥ g∗
Always true! 

Dual 

g(α, β)

g∗ = sup
α∈Rm,β∈Rr

g(α,β)

s.t. α ≥ 0

f ∗ = inf
x∈Rn

f (x)

s.t. hi (x) ≥ 0, i = 1, . . . ,m

!j(x) = 0, j = 1, . . . , r



Dual Problem is Always Convex 

Optimization 
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Pointwise maximum of convex (affine) functions in  

Therefore g is concave in          . With           (convex constraint), this 

implies that the dual problem is always a convex optimization, even if 

the primal is not. 

g(↵, β) = min
x∈Rn

8

<

:

f (x)−
m
X

i=1

↵ihi (x)−
r

X

j=1

βj`j(x)

9

=

;

= −max
x∈Rn

8

<

:

−f (x) +
m
X

i=1

↵ihi (x) +
r

X

j=1

βj`j(x)

9

=

;

(α, β)

(α, β) α ≥ 0



Duality Gap 
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For primal optimal x∗ and dual optimal (α∗, β∗),

(duality gap) := f (x∗)− g(α∗, β∗) ≥ 0



Strong Duality 
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For convex primal problems, we have strong duality if  

Slater’s condition holds: there exists at least one 
strictly feasible point in the primal 

Strong Duality ⇔ f ∗ = g∗

⇔ No Duality Gap



Strong duality may hold in 

nonconvex problems 
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min
x

− xT x

s.t. xT x ≤ 1

L(x ,λ) = −xT x − λ(1− xT x) = (λ− 1)xT x − λ

q(λ) =

{

−λ λ ≥ 1

−∞ o.w.
Dual problem: max

λ≥1
−λ

There’s no duality gap!! 



Constraint Qualification (CQ) 

CQ is required so that Lagrange multipliers will exist satisfying 

the KKT conditions 

•  LICQ (Linear independence CQ): the gradients of active 
constraints are linearly independent at x*  

•  à Lagrange multipliers exist and are unique 

•  MFCQ (Mangasarian-Fromovitz CQ):  
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there exists w ∈ R
n s.t.

∇hi (x
∗)Tw > 0, for all active inequality constraints

∇!j(x
∗)Tw = 0, for all equality constraints,

and the set of equality constraint gradients is linearly inde-
pendent.



Slater’s Condition 

•  Slater’s condition: 
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D = dom f \

m\

i=1

dom hi \

r\

j=1

dom `j 6= ;

there exists x ∈ relintD s.t.
(

hi (x) > 0, for all (non-affine) inequality constraints

`j(x) = 0, for all equality constraints.

Convex opt & Slater’s condition ⇒ strong duality

inf
x∈Rn

f (x)

s.t. hi (x) ≥ 0, i = 1, . . . ,m

!j(x) = 0, j = 1, . . . , r



Ex. Convex Opt Alone Is Not Enough 
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D = {(x , y) ∈ R
2 : y > 0}

L(x , y , λ) = e
−x + λx2/y

g(λ) = inf
(x,y)∈D

(e−x + λx2/y) =

(

0 if λ ≥ 0

−∞ if λ < 0

p
∗

= min
x,y>0

e
−x

s.t. x
2/y ≤ 0

d
∗
= max

λ≥0

0

p∗ − d∗

= 1− 0 = 1



Karush-Kuhn-Tucker (KKT) 

Conditions 
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min
x∈Rn

f (x)

s.t. hi (x) ≥ 0, i = 1, . . . ,m

`j(x) = 0, j = 1, . . . , r

Lagrange optimality 

Primal feasibility 

Dual feasibility 

Complementary 
slackness 

C : feasible set 

ũi ≥ 0, ∀i

0 ≤ ui ∼

vi ∼

(x̃ ; ũ, ṽ) satisfies the KKT if all of the following conditions are true:

0 = rxL(x̃ ; ũ, ṽ) = rf (x∗)−

mX

i=1

ũirhi (x
∗)−

rX

j=1

ṽjr`j(x̃)

ũi hi (x̃) = 0, ∀i

hi (x̃) ≥ 0, !j(x̃) = 0 ∀i , j



Optimality / Duality 
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Considerations: 

1.  When do optimal Lagrange multipliers exist ? 

2.  What is the relation between 

3.  When can we solve a dual instead of its primal, and obtain primal 

solutions from the dual solutions? 

 

 

 

x
∗ primal optimal

(u∗, v∗) dual optimal

(x̃ , ũ, ṽ) satisfying

the KKT conditions~ 



First-Order Necessary Optimality 

Condition (FONC) 
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x
∗ primal optimal

CQ 

Let x∗ be a (local) minimizer, at which CQ holds. Then
there exists Lagrange multipliers (ũ, ṽ) satisfying the KKT
conditions at (x∗, ũ, ṽ).

Multiplier (ũ, ṽ) exists for which (x∗, ũ, ṽ) sat KKT



FOC (Under Strong Duality) 
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x
∗ primal optimal

(u∗, v∗) dual optimal

Strong duality

(x∗, u∗, v∗) satisfies KKT

Primal is convex 
opt 



FONC (Under Strong Duality) 
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f (x∗) = g(u∗, v∗)

= min
x∈Rn

L(x ; u∗, v∗)

≤ L(x∗; u∗, v∗)

≤ f (x∗)

First, x∗ and (u∗, v∗) are primal and dual feasible.

Let x∗ and (u∗, v∗) be primal and dual solutions satisfying
strong duality. Then (x∗, u∗, v∗) satisfies the KKT condi-
tions.

Therefore, all inequalities should hold as equalities.



FONC (Under Strong Duality) 
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f (x∗) = g(u∗, v∗)

= min
x∈Rn

L(x ; u∗, v∗)

= L(x∗; u∗, v∗)

= f (x∗)

x
∗ minimizes L(x ; u∗, v∗),

and thus is a stationary point.

L(x∗; u∗, v∗) = f (x∗)−

mX

i=1

u
∗
i

|{z}

≥0

hi (x
∗)

| {z }

≥0

−

nX

j=1

v
∗
j `j(x

∗)
| {z }

=0

⇒ u
∗

i
hi (x

∗) = 0 should hold for all i .

(No assumption on the convexity of the problem!) 

i.e. 0 ∈ ∂xL(x
∗; u∗, v∗)



Sufficient Optimality Condition 

(Primal is Convex Opt) 
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f (x) convex, hi (x) concave, `j(x) affineThe primal is a convex opt:

⇒ L(x ; ũ, ṽ) is convex in x

Let x̃ and (ũ, ṽ) satisfy the KKT conditions.

Then, the duality gap is zero: x̃ and (ũ, ṽ) are primal and dual solutions.

g(ũ, ṽ) = min
x∈Rn

L(x ; ũ, ṽ)

= f (x̃)−
mX

i=1

ũihi (x̃)
| {z }

=0 (CS)

−

rX

j=1

ṽj `j(x̃)
|{z}

=0 (feasibility)

= f (x̃)

⇒ 0 ∈ ∂xL(x̃ ; ũ, ṽ) is sufficient x̃ to be a minimizer of L(x ; ũ, ṽ)



Sufficient Optimality Condition 

(Primal is Convex Opt) 
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Let x̃ and (ũ, ṽ) satisfy the KKT conditions.

Then, the duality gap is zero: x̃ and (ũ, ṽ) are primal and dual solutions.

Q: why x̃ primal optimal?

f (x̃) = min
x∈Rn

L(x ; ũ, ṽ) = min
x∈Rn

{f (x)− ũ
T
h(x)− ṽ

T `(x)}

≤ min
x∈C

{f (x)− ũ
T
h(x)− ṽ

T `(x)}

≤ min
x∈C

f (x)



FOC (Under Strong Duality) 
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x
∗ primal optimal

(u∗, v∗) dual optimal

Strong duality

(x∗, u∗, v∗) satisfies KKT

(primal is convex opt)



Strong Duality: Dual à Primal 

An implication of the proof of “FONC + strong duality”: given a dual 

solution (u*,v*), a primal solution x* is also a solution of                          

 

 

If                       is convex in x, then x* can be found by solving 

 

 

If                                    has a unique solution, then it must be the 

unique primal solution 

 

 

 
TU Dortmund, Dr. Sangkyun Lee 23 

min
x∈Rn

L(x ; u∗, v∗)

min
x∈Rn

L(x ; u∗, v∗)

L(x ; u∗, v∗)

0 ∈ ∂xL(x
∗; u∗, v∗)



Fenchel Conjugate 

TU Dortmund, Dr. Sangkyun Lee 24 

f : Rn
→ R ∪ {+∞}, not necessarily convex

f !≡ +∞, there exists an affine function minorizing f on R
n

⇒ f (x) > −∞ ∀x dom f := {x : f (x) < +∞} "= ∅

The mapping f !→ f ∗ is called the conjugacy operation, con-
jugation, or Legendre-Fenchel transform.

f ∗ : Rn
→ R ∪ {+∞} is the conjugate of f defined by

f ∗(y) := sup
x∈dom f

{yT x − f (x)}

f ∗(y) is always closed and convex



Why Conjugate ? 
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x ∈ R
n

y ∈ R
n

∂f

∂f
∗

Space of Points 
(Primal space) 

Space of Gradients 
(Dual space) 

f ∗(y) := sup
x∈dom f

{yT x − f (x)}

(under some technical conditions, to be discussed) 



Calculus Rules I 
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g(x) = f (x) + α ⇒ g∗(y) = f ∗(y)− α

α ∈ R

g(x) = f (x − x0) ⇒ g∗(y) = f ∗(y) + yT x0

g(x) = f (x) + yT
0 x ⇒ g∗(y) = f ∗(y − y0)

g(x) = f (x) + yT

0
x + α



Calculus Rules I 
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α ∈ R

g(x) = αf (x), α > 0 ⇒ g∗(y) = αf ∗(y/α)

g(x) = f (αx), α != 0 ⇒ g∗(y) = f ∗(y/α)

g(x) = αf (x/α), α > 0 ⇒ g∗(y) = αf ∗(y)



Calculus Rules III 
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f (x1, x2) = g(x1) + h(x2) ⇒ f ∗(y1, y2) = g∗(y1) + h∗(y2)

f (x) = inf
u+v=x

(g(u) + h(v)) ⇒ f ∗(y) = g∗(y) + h∗(y)

Separable sum: 

Linear composition (A invertible): 

Infimal convolution: 

g(x) = f (Ax) ⇒ g∗(y) = f ∗(A−T y)



Convexity 
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dom f1 ∩ dom f2 "= ∅, α ∈ [0, 1],

[αf1 + (1− α)f2]
∗ ≤ αf ∗1 + (1− α)f ∗2



Fenchel-Young Inequality 
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∀(x , y) ∈ dom f × R
n,

f (x) + f ∗(y) ≥ xT y .

Inequality: obvious from the definition. 

Equality holds if y is a subgradient of f at x,  y ∈ ∂f (x)

If y ∈ ∂f (x), f (x 0)− f (x) ≥ yT (x 0 − x) ∀x 0.

Therefore yT x − f (x) ≥ sup
x0

{yT x 0 − f (x 0)} = f ⇤(y)



Ex. Exponentiation 
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f (x) = exp(x)

f ∗(y) =











−∞ y < 0

0 y = 0

y log(y)− y y > 0



Ex. Negative Entropy 
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f (x) =

nX

i=1

xi log(xi )

f ∗(y) =

nX

i=1

eyi−1



Ex. Indicator Function 
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f (x) = IC (x) =

{

0 if x ∈ C

∞ o.w.

Conjugate: 

f ∗(y) = I ∗C (y) = sup
x∈C

yT x

This f* is called as the support function of the set C 



Ex. Norms 
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f (x) = ‖x‖

if ‖y‖∗ ≤ 1, then x
T
y − kxk  kxkkyk∗ − kxk  0

f ⇤(y) = Ik·k∗1(y)

f ∗(y) := sup
x∈Rn

{xT y − kxk}

where kyk⇤ := max
kzk1

z
T
y is the dual norm of k · k

if kyk∗ > 1, consider z̃ 2 R
n : kz̃k  1 and z̃

T
y = kyk∗,

(tz̃)T y − ktz̃k = t(z̃T y − kz̃k) ! 1 with t ! 1

(Hölder’s ineq.) 



Biconjugation 
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f ∗∗(x) = (f ∗)∗(x) = sup
y∈Rn

{xT y − f ∗(y)}

Note that f* always satisfies the required conditions for conjugation. 

epi f ∗∗ = cl conv epi f

If f is convex and closed, f ∗∗ = f

f
∗∗

≤ f ⇔ epi f ∗∗ ⊇ epi f



Subgradient Connection 
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If f is convex and closed,

x ∈ R
n

y ∈ R
n

∂f

∂f
∗

y ∈ ∂f (x) ⇔ x ∈ ∂f ∗(y)

also, ⇔ f (x) + f ∗(y) = xT y



Strong Convexity & Smoothness: 

Duality  
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f closed and strongly convex with a constant α > 0:

dom f
∗

= R
n

rf ∗(y) = argmax
x∈dom f

{yT x − f (x)}, 8y 2 R
n

rf ∗(y) is Lipschitz continuous with the constant 1/α

This gives the fundamental idea of so-called “Nesterov’s smoothing” 



Ex. Dual of Lasso 
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min
x∈Rn

1

2
‖y − Ax‖22 + λ‖x‖1

Dual 

objective: 

A ∈ R
m×n

min
x∈Rn

,z∈Rm

1

2
ky − zk2

2
+ λkxk1, s.t. z = Ax

= inf
z∈Rm

{

1

2
‖y − z‖2 + uT z

}

+ inf
x∈Rn

{λ‖x‖1 − uTAx}

=
1

2
‖y‖2 −

1

2
‖y − u‖2 − λ sup

x∈Rn

{vT x − ‖x‖1}, v := ATu/λ

g(u) = inf
x∈Rn,z∈Rm

1

2
‖y − z‖2 + λ‖x‖1 + uT (z − Ax)
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Conjugate of kxk1

f (x) = ‖x‖ f
∗(v) =

(

0 if kvk∗  1

1 o.w.

kvk⇤ = sup

x :kxk1

v
T
x = sup

x :x 6=0

v
T
x

kxkDual norm: 

k · k1  ! k · k∞

k · k2  ! k · k2

k · kp  ! k · kq, p, q ≥ 1, 1/p + 1/q = 1.

g(u) =
1

2
‖y‖2 −

1

2
‖y − u‖2 − λ sup

x∈Rn

{vT x − ‖x‖1}, v := ATu/λ
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Dual problem: 

Or, equivalently, 

Convex opt + Slater’s condition è strong duality holds 

How to solve this? 

sup
u∈Rn

g(u) = sup
u∈Rn

1

2
‖y‖2 −

1

2
‖y − u‖2 − λ

{

0 ‖v‖∞ ≤ 1

+∞ o.w.
, v := ATu/λ

max
u∈Rn

−
1

2
‖y − u‖2 s.t. ‖ATu‖∞ ≤ λ

− min
u∈Rn

1

2
‖y − u‖2 s.t. ‖ATu‖∞ ≤ λ

Given a dual solution u∗, we can find a primal soln by solving

∇zL(x , z
∗; u∗) = −(y − z∗) + u∗ = 0

⇒ z∗ = y − u∗ ⇒ Solve for x∗: Ax∗ = z∗.



Ex. Fused Lasso 

TU Dortmund, Dr. Sangkyun Lee 41 

min
x∈Rn

1

2
kb − xk2

2
+ λkDxk1

D ∈ R
m×n : a penalty matrix

D =











1 −1
1 −1

. . .
. . .

1 −1











Ex. 1-D Fused Lasso 

Ex. D is an incident matrix for a graph G = ({1, . . . , n},E ),

‖Dx‖1 =
∑

(i,j)∈E

|xi − xj |
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1-D Fused Lasso 

Friedman et al., Ann. Appl. Stat., 2007 



2-D Fused Lasso 
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Friedman et al., Ann. Appl. Stat., 2007 



Fused Lasso: Dual 
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min
x∈Rn

1

2
kb − xk2

2
+ λkDxk1 D ∈ R

m×n : a penalty matrix

FISTA? The regularization term is not separable in general, so prox 

operation may not be simple 

ADMM approach is possible, e.g. using z = Dx  

Or, we can consider the dual problem (homework) 

min
x∈Rn

,z∈Rm

1

2
kb − xk2

2
+ λkzk1

s.t. z = Dx


