
���������
	�����������

�������������! #"%$'&�()$� #�+*%"��
, �+*-�/. ()01$'���324�+*- 1�+*5��2�� 687�*
9  1�;:  �$�$'�32�$��32<" 9 �3=>�?��24�  12
@A(B"��32C&�()2����32

D+E�F�FGEBHJILKNMPORQ

SUTVK�WYXLZ)E�[]\
Q^TV_
E�Za`GELMcbd\NQ^[PQ^TYMPb4efFhgiXL[]Z)E�_]TVO
j Q^[JklF�TVmRQ^[Pn]TV_co�_JS+XL[]_]Zqp�F j

SUTYQ^Frn]_cE�srtGuhvrS+Q^wxQ^Zy\
Q^[lz|{|{|}

~��R�x������d��

�'[PX�g]vrSU[xv�H3E�_]bGE�[]TVFGE��?XL[]TVO
SUTVK�W�v �fefFhgiXL[]Z�vG��E�[]_]TVF/�8MPbrXLWVw



� brQ^[PQ!TYn _]brQ�� TYn j XLZ��5Q!bGE mRQqWYX|n]_ TVF<O8FrX�� WYQ j sRQ��
� brQ^[PQ!TYn _]brQ+O8FrX�� WYQ j sRQ��5Q!bGE mRQqWYX|n]_ TVF<TVFhgiXL[]Z)E�_]TYXLF��
� brQ^[PQ!TYn _]brQ+TVFhgiXL[]Z)E�_]TYXLF	�-Q3bGE mRQ!WYX|n]_JTVF j E�_cE
�
� brQ^[PQ!TYn _]brQ j E�_cE��5Q!bGE mRQqWYX|n]_ TVF<WVTV\�[cE�[]TYQ n� M XLZBK�p�_PQ^[Pn#t�_]brQ3e Fd_PQ^[]FrQ^_����

�!vG�
v��'WVWVTYXL_

�������������������

�'TVF�brQ^[]w WVTYMPbrQ nlS!E�F�ORQ nPMPbrILF�E�F/E�WVWYQ|t j TYQ+ZBTV[ j TYQ!mRXL[]WVTYQ^sRQ^F j Q! J[]\NQ^TV_ Q^[]Z�ILs|WVTYMPb�_PQ^F v
�/Q^TVF \NQ nPXLF j Q^[PQ^[�S!E�F�O s|TVWV_BZ�Q^TVFrQ^F \NQ^T j Q^F�">Q^_][PQ^prQ^[]F `�[cE�p �'[PX�g]v'SU[xv'H3E�_]bGE�[]TVFGE4�/XL[]TVO
p�F j DUQ^[][]F SUTVK�W�v �fefFhgiXL[]Z�v �?E�[]_]TVF �8MPbrXLWVwRv efb�[PQ)b�TVW g�[PQ^TYMcbrQ^F# JF�[PQ^s|p�F�sRQ^F t�\
Q ncXLF j Q^[PQ^[Pn�E�\NQ^[
TVb�[PQ+ORXLFrn]_][]p�O�_]TVmRQyH+[]TV_]TVO$�>E�[PQ^F�g&%�[ ZBTYMPb?nPQ^b�['�-Q^[]_]mRXLWVW�v



���������
	�����������������������

S!E�F�OhncE�s|p�F�s v3v3v!v3v!v3vqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v TVT

�������! #"%$'&)('*,+)-�.0/�-1�3214�&��5* +
687��'-� 9 #-:&)+)-�.0/;-<�5214'&��5* +1�9�
='>@? �!&' A-<�3BC$'&)( =

D v D vFEUWVTYQ j Q^[]p�F�s j Q^[ SUTVK�WYXLZ)E�[]\NQ^TV_ v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v z

GH>JI �5*,*
-�&<*
-�&)B,"'-K2�L1$'&)(��!&NMO7<BP-�&'�17'&�L�-�& Q
zhv D v ">Q^s|[]T9RNn]\NQ n]_]TVZBZyp�F�s�v!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v }
zhv zhv S+Q^[JH!S+SJ�f��[PXLwxQ nPnyvqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v S
zhv }hvUT Q^[]FGE�phg sdE�\
Q^F/p�F j T Q^[]FdmRQ^[ g�E�b�[PQ^F vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v V

zhv }hv D v SlTYQ ��_�%�_]w mRQ^O�_PXL[]Z�Q^_]brX j Q v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v W
zhv }hv zhvYXUE�TVmRQ�" E[ZRQ n<v!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v u
zhv }hv }hv SUQ^[ �'Fd_PnPMcbrQ^T j p�F�sRn]\GE�p�ZBWYQ^[]FrQ^[]\^SrvAV v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v D {
zhv }hv Srv  JK�[]TYXL[]T w p�[lH+W ELnPn]T9_rO|E�_]TYXLF vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v D z

Q >@` -�.aL<bc7� A*,-:.d/;-�$)(H$�&)(fehg'.i"j�3- I �5*,*
-�&<*
-�&)B,"'-K2�L1$'&)( =Kk
}hv D v �/Q^[]O8Z)E�WYncE�prn��>E�b�WUvqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v D V
}hv zhv �/Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v D W
}hv }hv HJXLZy\�TVF�TYQ^[]_PQ! lFrnco�_]wxQ v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v D[l
}hv Srv DUo�p�_rs|ORQ^TV_PnP\GELn]TYQ^[]_PQq�?Q^[]O�Z)E�WYnPsRQ^FrQ^[]TYQ^[]p�F�s)ZBTV_JDlTVW g Q+mRXLF � `nm�e S+` vqv!v3v!v3v D[l

}hv Srv D v SUQ
_rF�TV_]TYXLF/mRXLF	� `�m�e S+` v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v D[l
}hv Srv zhv � `nm�e S+` E�WYnpolKNQ^[cE�_PXL[ w p�[J�?Q^[]O�Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s v3v!v3v!v3vqv!v3v!v3v D u

q >@` �r&:�r&<( ` 71.dB Gj=
Srv D v SUTYQy�<Z8nP_PQ^Z)E�[PMPb�TV_PQ^O8_]p�[ v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v z|z

Srv D v D v �sSrt j ELnJ�/Q^_cE j E�_PQ^F�Z�X j Q^WVW j Q^[J�?Q^_cE j E�_PQ^F vqv!v3v3v!v3v!v3vqv!v3v!v3v z|}
Srv D v zhv SUQ^[t\5XLZBK�TVWYQ^[ v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v zKu
Srv D v }hv SlTYQ���Q^\�K�W E�_]_ g XL[]Z v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v zKu

Srv zhvUvJQxE�WVTYn]TYQ^[]p�F�s j Q n�� `�m�e S+`��wolK
Q^[cE�_PXL[PnJTVFC�/TVF�TVF�s)�?E�[]_ v3v3v!v3v!v3vqv!v3v!v3v zKu

TVTVT



���������
	�����������������������

k%>�� 7� 9 9�:-1�3*����5-� ��8M��5-! #" �3*
*%$'�3e -�&CMO7<BP-�& G�'
Vhv D v SUTYQ� lphg�sdE�\NQ)vqv!v3v3v!v3v!v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v z|u
Vhv zhv SUTYQ3S!E�_PQ^F v!vqv!v3v3v!v3v!v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v }|{

Vhv zhv D v ��_cE�_]TYn]_]TYnPMcbrQ��'TVsRQ^FrncMPbGE1g _PQ^F j Q^[JS!E�_PQ^F v!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v };S
Vhv }hv "5TYn]brQ^[]TVsRQ3klFd_PQ^[PnPprMPbdp�F�sRQ^F v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v } V

Vhv }hv D v)(�XL[]brQ^[PncE�sRQqmRXLFsv�%rMcO�O|E�phg�XLb�FrQ�"5Q^[�%rMcO8nPTYMPbd_]TVs|p�F�s j Q^[+*
Q^TV_ v!v3v!v3v } V
Vhv }hv zhv)(�XL[]brQ^[PncE�sRQqmRXLFsv�%rMcO�O|E�phg'E�phg j Q^[ " ELn]TYn>mRXLFCe Fd_PQ^[]m|E�WVWYnPQ-,�prQ^F�wxQ^F/v!v3v } W

Vhv Srv �/.hKNQ^[]TVZ�Q^Fd_PQqvqv!v3v3v!v3v!v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v } W
Vhv Srv D v)(�XL[]mRQ^[cE�[]\NQ^TV_]p�F�s v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v }Ku
Vhv Srv zhv SUp�[PMPbhg&%�b�[]p�F�s j Q^[ T Q^[]F�W o�phg Q v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v S)V
Vhv Srv }hv �'[]sRQ^\�F�TYnPncQ�v3v!v3v!v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v Sdu

0H>@? �!& ? .aL1 211. $'&<('*[b43j"'-� 9 �ehg'. "��5- ? .d('-��'&��5*
*,- k Q
Whv D v65RXRELMcb�TVZ�nlnP_cE�_]TYn]_]TYnPMPbrQ npT Q^[]F�Z�X j Q^WVW g&%�[ j TYQ � Q7.h_]O�W ELnPnPT9_rOLE�_]TYXLF v!v3v3v!v3v!v3v V|}
Whv zhv  lF �5Q^F j p�F�s�mRXLF85RXRELMcb�TVZ�nl�?X j Q^WVW�E�phg j TYQ9(�Q^[Pn]TYMPbrQ^[]p�F�sRn j E�_PQ^F v3v3v!v3v!v3v VKu
Whv }hv  l\rnPMPbGo�_]w p�F�s j Q^[ �'TVs|Fdp�F�s Q^TVFrQ n�S!E�_PQ^FrncE�_]wxQ n�g&%�[�Q^TVFrQ'� `�m�e S+` � [cE�Frn giXL[]Z)E1�

_]TYXLF v3v!v3v!vqv!v3v3v!v3v!v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v W|}
Whv Srv:(�Q^[��>E�F j _PQ! l[]\
Q^TV_PQ^F v3v!v3v!vqv3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3v W|}

; >=< $<*
7'b bc-�&<e 7<*
* $'&)(U$'&<"N��$1*[�' 5�52�L 0�k
$:�3BP-:.d7<BC$'.d+)-:.d/;-<�5214'&��5* 0 ;

TVm



� �����:���������Y��������������������C�

zhv D v S+Q^[JH!S+SJ�f��[PXLwxQ n FGELMPb
	���������� Q^_lE�W�v D u|u W�� v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v S
zhv zhv E
�NQ^TVF�TVsRQ j Q^[ Z�ILs|WVTYMcbrQ^F� [PQ^F�FrQ^\
Q^FrQ^F t#\��NXLK�_]TVZ)E�WYQ�DpZ�KNQ^[PQ^\
Q^FrQ|t Q^TVF�sRQ^O8[PQ^TYn]_PQ

��_�%�_]w mRQ^O�_PXL[PQ^F �iE�prn�	�������� ��! Q^_JE�W�vGz|{|{|{�� � v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v l
Srv D v#"J\NQ^[]\�WVTYMPO %�\NQ^[ j ELn �/TVF�TVF�s)�?E�[]_+�<Z8n]_PQ^Z v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v z|z
Srv zhv S+Q^[JHJXLF�wxQ^K�_PQ j TV_PXL[ v!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v z;S
Srv }hv S+Q^[J`GE�WVWYQ j TV_PXL[�v!v3vqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v z V
Srv Srv#"J\NQ^[]\�WVTYMPO %�\NQ^[ j TYQ]olKNQ^[cE�_PXL[PQ^FCmRXLF��/TVF�TVF�s)�?E�[]_ vqv!v3v3v!v3v!v3vqv!v3v!v3v z W
Vhv D v S!E�_PQ^Fd\GE�F�OhnPMPbrQ^Z)EBvqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v } D
Vhv zhv  JprnPw p�s j Q^[ ��E�\NQ^WVWYQq�@o%$ ( (���v � vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v }|}
Vhv }hv HJXLF�wxQ^K�_'&)(+*+,-*/.0(21�( v!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v } l
Vhv Srv  J\�\�TVW j p�F�s j Q^[� >_]_][]TV\�p�_PQ j Q n%HlXLF�wxQ^K�_PQ n (�Q^[]_][cELQ^sRQ+E�phg j TYQJS!E�_PQ^Fd\GE�F�O|E�_]_][]T �

\�p�_PQ j Q^[ � E�\
Q^WVWYQ3�@o%$ (+( ��v � v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v }|u
VhvAVhv#"J\NQ^[]\�WVTYMPO %�\
Q^[ j TYQ��8MPb�[]TV_]_PQ TVF �/TVF�TVF�sR�?E�[]_Bw p�[ �'[Pn]_PQ^WVWVp�F�s4Q^TVFrQ n�\�TVFGo�[PQ^F

 >_]_][]TV\�p�_PQ nOv %rMPO8OLE�phg v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v Sd{
VhvAWhv � [cE�Frn giXL[]Z)E�_]TYXLF j Q n  >_]_][]TV\�p�_PQ n435(+6 70(+*+896�1�:;.<*+, TVF<\�TVFGo�[PQ� >_]_][]TV\�p�_PQ v!v3v!v3v Sdz
Vhv3u8v ">Q^[PQ MPb�Fdp�F�s j Q^[ ��Q^[]Z�g�[PQ-,�prQ^F�w3g&%�[ j TYQ!XL[]TVs|TVFGE�WYQ^F/�?Q^[]O�Z)E�WYQ v3v!v3vqv!v3v!v3v Sdz
Vhv l v ">Q^[PQ MPb�Fdp�F�s j Q^[ ��Q^[]Z�g�[PQ-,�prQ^F�w3g&%�[ j TYQ+\�TVFGo�[PQ^F/�?Q^[]O�Z)E�WYQ v!v3v!v3vqv!v3v!v3v Sd}
Vhv uhv �'[]wxQ^p�s|p�F�s j Q^[pvJQ^K�[coLnPQ^F�_cE�_]TYXLFCZBTV_ j Q^F�XL[]TVs|TVFGE�WYQ^F?�/Q^[]O8Z)E�WYQ^F v3vqv!v3v!v3v S S
Vhv D {hv �'[]wxQ^p�s|p�F�s j Q^[J\�TVFGo�[PQ^FsvJQ^K�[coLnPQ^F�_cE�_]TYXLF v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v S)V
Vhv D D v �'TVF	�/.hKNQ^[]TVZ�Q^Fd_JTVF>=� �T � v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v S l
Whv D v �'TVFd_PQ^TVWVp�F�s j Q^[  >_]_][]TV\�p�_PQ TVFCbrX8MPbh�ct ZBTV_]_PQ^W �5p�F j F�TYQ j []TVsLg�[PQ-,�prQ^Fd_PQ� >_]_][]TV\�p�_PQ

E�F�bGE�F j TVb�[PQ^[ ��Q^[]Z�g�[PQ-,�prQ^F�wxQ^F v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v V l
Whv zhv efF j TVO|E�_PXL[PQ^F v3v!v3vqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v W|{
Whv }hv �O\>E�_ �fHJXLF�wxQ^K�_lg %�[ j TYQ9(�Q^[]_][cE�sRn j E�_PQ^F v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v W D
Whv Srv �?E�F j Q^WV\�[PXL_]mRQ^[]_PQ^TVWVp�F�s/v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v W|z

m



����� � �������	� ����������������������

m�T



� ��� �����C��� ��������������������

Srv D v � E�[cE�Z�Q^_PQ^[PnPK
Q^w T9_rO|E�_]TYXLFrQ^F?g %�[ j TYQ�� `�m�e S+`FolKNQ^[cE�_PXL[PQ^F�TVFC�/TVF�TVF�s)��E�[]_ v!v3v zKu
Vhv D v ">Q nPMPb�[PQ^TV\�p�F�s j Q^[  >_]_][]TV\�p�_PQ3TVF j Q^[ � E�\�WVWYQq�@o%$ ( (���v � v3v!v3v!v3vqv!v3v!v3v }|z
Vhv zhv HJXLF�_]TVF�sRQ^F�w _cE1g Q^WGg %�['Q^TVF�H+W ELnPn]T9_rO|E�_]TYXLFrn]K�[PXL\�WYQ^Z ZBTV_'w �5Q^TrH+W ELnPnPQ^F v ����\���Q^Fd_ �

n]K�[]TYMPb�_ j Q^[-ORXL[][PQ^O�_PQ^F H+W ELnPn]T9_rO|E�_]TYXLF t�D���\�� TYn]_ j TYQ H+W ELnPn]T9_rO|E�_]TYXLF j Q n T Q^[]FGE�W �
sRXL[]TV_]b�Zqprn�� DOZ8KNXL_]brQ nPQ�� v v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v S)W

Vhv }hv#"J\NQ^[]\�WVTYMPO %�\NQ^[ j TYQ T Q^[]FrQ^[]sRQ^\�F�TYnPncQ vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v V|{
Vhv Srv#"J\NQ^[]\�WVTYMPO %�\NQ^[ j TYQ]T Q^[]FrQ^[]sRQ^\�F�TYnPnPQ \NQ^T  lprnPnPMPb�WVprncn j Q^[ D u|u l w p�[�%rMPO8sRQ^O|E�phg��

_PQ^F8(�Q^[]_][co�sRQ<v3v!v3vqv!v3v!v3v!v3v3v!vqv!v3v!v3v3v!v3v!vqv!v3v3v!v3v!v3vqv!v3v!v3v V D
VhvAVhv �'[]sRQ^\�F�TYn j Q n (�Q^[]s|WYQ^TYMPbrnlw � TYnPMPbrQ^F j Q^[�� `�m�e S+` p�F jCj Q^[ \�TVFGo�[PQ^FsvJQ^K�[coLnPQ^Fh�
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SUTYQ��/.h_][cE�O�_]TYXLF�mRXLF4mRQ^[��5Q^[]_]\GE�[PQ^Z � TYnPnPQ^F�E�prn!S!E�_PQ^F4TYn]_!Q^TVF �>brQ^Z)Eht j ELn3E�F�sRQ n]TYMcbd_Pn j Q^[
�?Q^F�sRQ j Q nJw p�[ *
Q^TV_JmRQ^[ g&%�s|\GE�[PQ^F4S!E�_PQ^F�Z)E�_PQ^[]T E�WYnlZ�Q^b�[lp�F j Z�Q^b�[!E�F  lO�_]pGE�WVTV_co�_lsRQ � TVF�Fd_xv
e F�m8TYQ^WYQ^F�klFd_PQ^[]FrQ^b�Z�Q^F p�F j � TYnPncQ^FrnPMPbGE1g _]WVTYMPbrQ^F<e Frn]_]TV_]p�_]TYXLFrQ^F Q7.hTYn]_]TYQ^[PQ^F nPQ^b�[%s|[PX��RQlS+E�_PQ^Fh�
\NQ n]_co�F j Q|t j Q^[PQ^F  lFGE�WrZ8ncQ)F�p�_]w \GE�[PQ �'[]ORQ^F�Fd_]F�TYnPncQ�mRQ^[PnPK�[]TYMPbd_xv%�8Q^TV_�Q^TVF�TVsRQ^F 5dE�b�[PQ^F �-Q^[ j Q^F
p�F�_PQ^[ j Q^Z ">Q^s|[]T9R���� : : (+6): (+6�, 7�(
	�� 896�1� 6��%.<, (+6��/.<6�� (+6��?Q^_]brX j Q^F/p�F j �<Z8nP_PQ^Z�Qqw p�[ �'Fd_ �
j Q McO�p�F�s<FrQ^pGE�[]_]TVsRQ^F t mRQ^[]\NXL[]sRQ^FrQ^F � TYnPnPQ^Frn!E�prn+s|[PX��RQ^F�S!E�_PQ^Fd\NQ n]_co�F j Q^F�Q^Fd_ � TYMPORQ^WV_xv�S+E�_cE
�/TVF�TVF�sL�
(�Q^[ giE�b�[PQ^F mRQ^[]\�TVF j Q^F �?Q^_]brX j Q^F E�prn j Q^F "5Q^[PQ^TYMcbrQ^F ��_cE�_]TYnP_]TVO
t���ELnPMcb�TVFrQ^WVWYQ n T Q^[ �
FrQ^F tNS!E�_PQ^Fd\GE�F�ORQ^F�p�F j (UTYn]pGE�WVTYn]TYQ^[]p�F�srtNp�Z j Q^F4�'[PXLwxQ nPn j Q n  lp���F j Q^Frn+mRQ^[]\
XL[]sRQ^FrQ^[!p�F j
TVF�_PQ^[PQ nPncE�Fd_PQ^[�e FhgiXL[]Z)E�_]TYXLFrQ^F TVF s|[PX��RQ^F S!E�_PQ^Fd\NQ n]_co�F j Q^F p�Z�giELnPncQ^F j w p p�Fd_PQ^[Pn]_�%�_]wxQ^F v ol\
j TYQ � TYnPnPQ^FrnPQ^F�_ j Q MPO8p�F�s E�phgBQ^TVFrQ^Z;S!E�_PQ^FrncE�_]w�Q^[ giXLWVs|[PQ^TYMPb TYn]_<p�F j _cE�_PncoLMPb�WVTYMcb w p FrQ^prQ^F
�'[]ORQ^F�F�_]F�TYnPnPQ^F g %�b�[]_xt-bGo�F�s|_ mRXLF m8TYQ^WYQ^F `GE�O8_PXL[PQ^F E�\ v5S!E�w p sRQ^brIL[PQ^F p�Fd_PQ^[<E�F j Q^[PQ^Z j TYQ
� pGE�WVTV_co�_Bp�F j (�XLWVWYn]_co�F j TVs|ORQ^TV_ j Q^[�S+E�_PQ^F t j TYQ H+W E�[]brQ^TV_ j Q^[  lphg�sdE�\NQ p�F j j TYQ (�Q^[ g %�s|\GE�[ �
ORQ^TV_!Q���w TYQ^Fd_PQ^[� lWVsRXL[]TV_]b�Z�Q^F v � o�b�[PQ^F j4j TYQ `GXL[PnPMPb�p�F�s�FGELMPb4Q���w TYQ^Fd_PQ^F�T Q^[]FdmRQ^[ g�E�b�[PQ^F E�phg
Q^TVFrQ W E�F�sRQ�� [cE j TV_]TYXLF�w p�[�%rMcO�\�WVTYMcORQ^F�O|E�F�F t�_rF j Q^F j TYQ mRXL[]mRQ^[cE�[]\NQ^TV_PQ^F j Q^F �8MPb�[]TV_]_PQBQ^[PnP_+ncQ^TV_
O8p�[]wxQ^Z "5QxELMcbd_]p�F�srv-S+E�\NQ^T>ORXLZBZq_�sRQ^[cE j Q TVb�FrQ^F TVZ ��[PXLwxQ nPn j Q^[ � TYncnPQ^FrnPQ^Fd_ j Q McO�p�F�s Q^T �
FrQ � TYMPb�_]TVsRQ vJXLWVWYQUw p v * p�[ (�XL[]mRQ^[cE�[]\NQ^TV_]p�F�s�w#o�b�WV_ j TYQ+efFrnPK
Q^O8_]TYXLF j Q^[ S+E�_PQ^FrMcbGE�[cE�O�_PQ^[]TYnP_]TVOLE
� � TYQywRv "+v j TYQ H+W ELnPnPQ^FdmRQ^[]_PQ^TVWVp�F�s � t j TYQ (�Q^[]\NQ nPnPQ^[]p�F�s j Q^[ � pGE�WVTV_co�_ j Q^[US!E�_PQ^F#��wRv "+v j TYQ">Q �
bGE�F j WVp�F�symRXLF�giQ^b�WYQ^F j Q^F ��Q^[]_PQ^F�� t j TYQ  Jprn �5E�b�W Q^TVFrQ n^T Q^[]FdmRQ^[ g�E�b�[PQ^Frn>p�F j g�E�WVWYn%Q^[ giXL[ j Q^[]WVTYMPb
j TYQ�� [cE�Frn giXL[]Z)E�_]TYXLF)TVF j ELn%mRXLZ T Q^[]FdmRQ^[ g�E�b�[PQ^F \
Q^FrIL_]TVs|_PQJ`rXL[]Z)E�_xv * p�[ �'[]w TYQ^WVp�F�syXLK�_]TVZ)E�WYQ^[
�'[]sRQ^\�F�TYncnPQ j p�[PMcb j ELnpT Q^[]F�mRQ^[ giE�b�[PQ^F�TYn]_lQ^TVFrQysRQ Q^TVs|FrQ^_PQ�S+E�_PQ^F�[PQ^K�[coLncQ^Fd_cE�_]TYXLF�Q^[ giXL[ j Q^[]WVTYMPb v
SUp�[PMPb<�?Q^[]O�Z)E�WYn E�prn��5E�b�W p�F j �?Q^[]O�Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s)OLE�F�F<Q^TVF w p�FGoLMPbrn]_ p�F�sRQ Q^TVs|FrQ^_ [PQ^K�[co1�
nPQ^F�_]TYQ^[]_PQ^[JS!E�_PQ^FrncE�_]w3_][cE�Frn giXL[]ZBTYQ^[]_ �5Q^[ j Q^F v

e F j TYQ nPQ^[�SUTVK�WYXLZ)E�[]\
Q^TV_ � TV[ j p�F�_PQ^[Pn]prMPb�_xt�� TYQ � `�m�e SU`aw p�[/bGo�p�_rs|ORQ^TV_Pn]\GELnPTYQ^[]_PQ^F �?Q^[]O��
Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s�Q^TVF�sRQ nPQ^_]w _�-Q^[ j Q^F OLE�F�F v�SUTYQ  JF �-Q^F j \GE�[]ORQ^TV_ � TV[ j E�F Q^TVFrQ^Z S!E�_PQ^FrncE�_]w
j Q^[ (�Q^[Pn]TYMcbrQ^[]p�F�sRn]sRQ nPQ^WVWYnPMcbGE1g�_B� � TYnPn T T giQ p�Fd_PQ^[Pn]prMcbd_xv SlTYQ ncQ^[+S!E�_PQ^FrncE�_]wBp�Z�g�ELnPn]_3H+p�F j Q^Fh�
p�F j (�Q^[PnPTYMPbrQ^[]p�F�sRn]mRQ^[]_][cE�sRn j E�_PQ^F TVF�E�FrXLF<Z�ZBTYnPTYQ^[]_PQ^[5`rXL[]Z�v�SUTYQ� Jphg sdE�\NQ>\
Q n]_PQ^b�_ j E�[]TVF t j Q^F
v %rMPO8OLE�phgGQ^TVFrQ n (�Q^[]_][cE�sRQ n mRXL[]brQ^[]w prncE�sRQ^F v�(�XLF�Q^TVFrQ^Z�v %rMPO8OLE�phgGn]K�[]TYMcbd_�Z)E�F t �-Q^F�F j Q^[ (�Q^[ �
n]TYMcbrQ^[]p�F�sRn]FrQ^b�Z�Q^[ j TYQ (�Q^[Pn]TYMPbrQ^[]p�F�s?mRXL[]wxQ^TV_]TVs j p�[PMcb�v�%rMcO�_][]TV_]_yX j Q^[qH�%�F j TVs|p�F�s/\
Q Q^F j Q^_xv
SUTYQ (�Q^[Pn]TYMPbrQ^[]p�F�sRn]sRQ ncQ^WVWYnPMPbGE1g _�TYn]_ TVF j TYQ ncQ^Z ` E�WVW5mRQ^[]K��rTYMcbd_PQ^_xt j Q^Z (�Q^[Pn]TYMcbrQ^[]p�F�sRn]FrQ^b�Z�Q^[
j Q^F E�O�_]prQ^WVWYQ^F *
Q^TV_ �-Q^[]_ j Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�s�E�prn]w p�w#E�b�WYQ^F v v�%rMcO�O|E�phg Q�n]TVF j g&%�[ j TYQ4(�Q^[Pn]TYMPbrQ �
[]p�F�sRn]sRQ ncQ^WVWYnPMPbGE1g _ (�Q^[]WVprn]_]sRQ nPMPbGo1g _PQ|t j E v�%rMPO8W E�sRQ^F�w p��]Q j Q^Z *
Q^TV_]K�p�F�O�_+\NQ^[PQ^TV_Pn]_PQ^brQ^F�Z�%rn �
nPQ^F v SUTYQ g [�%�b�wxQ^TV_]TVsRQ�e j Q^Fd_]T9_rw TYQ^[]p�F�sCmRXLF�[�%rMPO8OLE�phg sRQ gio�b�[ j Q^_PQ^F6(�Q^[]_][co�sRQ^F�Q^[]Z�ILs|WVTYMPb�_ Q^TVFrQ^[
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efF H3E�K�TV_PQ^WBz � TV[ j Q^TVFrQ �'TVFhg&%�b�[]p�F�s TVF j TYQ � TYnPnPQ^FrnPQ^F�_ j Q MPO8p�F�s TVF S!E�_PQ^Fd\GE�F�ORQ^F�� Q^F�s|W�v
H+FrX�� WYQ j sRQ<SUTYnPM XxmRQ^[aZ TVF S!E�_cE�\GELnPQ n#t H!S+S��3sRQ^sRQ^\
Q^F v�S+Q^[ "5Q^s|[]T9R ��� : : (+6 :�(+6�, 70( 	�� 896�1 � 6
� .<, (;6��/. 6��<(+6 � TV[ jCj Q
_rF�TYQ^[]_Up�F jCj Q^[+H!S+Sl�f�'[PXLwxQ nPnlmRXL[]sRQ n]_PQ^WVWV_xv SUTYQqTVZ vlE�b�Z�Q^F j Q^[ � TYn �
nPQ^FrnPQ^Fd_ j Q McO�p�F�s!w p WYI|nPQ^F j Q^F T Q^[]FGE�phg sdE�\
Q^F��5Q^[ j Q^F�Q^[]O�W o�[]_xvLH+W ELnPn]T9_rO|E�_]TYXLF�TYn]_�Q^TVFrQ5Z�ILs|WVTYMcbrQ
T Q^[]FGE�phg�sdE�\NQ|v���n �-Q^[ j Q^F8(�Q^[ g�E�b�[PQ^FCmRXL[]sRQ nP_PQ^WVWV_xt j TYQ j TYQ nPQ T Q^[]FGE�phg sdE�\NQ3WYI|nPQ^F v

SUQ^[ H!S+Sl�f�'[PXLwxQ nPnJp�Z�giELnPnP_5Z�Q^b�[PQ^[PQq�'bGELnPQ^F vrS+Q^[ (�XL[]mRQ^[cE�[]\
Q^TV_]p�F�s�ORXLZBZq_ TVF j TYQ ncQ^Za�'[PX��
wxQ nPn�Q^TVFrQ�\NQ nPXLF j Q^[PQ ">Q j Q^p�_]p�F�s4w p v���TYQ�\NQ n]_PQ^b�_ j E�[]TVF t j TYQ w p E�FGE�WrZhn]TYQ^[PQ^F j Q^F S!E�_PQ^F g&%�[
j Q^F E�FrnPMcb�WVTYQ �RQ^F j Q^F S+E�_cE �/TVF�TVsL� �8MPb�[]TV_]_�sRQ Q^TVs|FrQ^_�w p [PQ^K�[coLnPQ^F�_]TYQ^[PQ^F v!�/Q^[]O8Z)E�WYncE�prn��>E�b�W
p�F j �/Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s�_][cE�Frn giXL[]ZBTYQ^[PQ^F j TYQ!S!E�_PQ^F�TVF<Q^TVFrQ^F�sRQ Q^TVs|FrQ^_PQ^FC�?Q^[]O8Z)E�WYn][cE�p�Z�v
efF�H3E�K�TV_PQ^W>} �5Q^[ j Q^F  lFrnco�_]wxQ�w p�[ �/Q^[]O8Z)E�WYncE�prn��>E�b�W�t w p�[q�?Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s�p�F j w p�[
HJXLZq\�TVFGE�_]TYXLFB\NQ^T j Q^[��/Q^_]brX j Q^FymRXL[]sRQ nP_PQ^WVWV_xv�S!E�FGELMcb� TV[ j � `�m�e S+`Cw p�[�bGo�p�_rs|ORQ^TV_Pn]\GELnPTYQ^[]_PQ^F
�/Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s�mRXL[]sRQ nPMcb�W E�sRQ^F v � `�m�e SU` TYn]_ Q^TVF���E � w p�[pE!Q � TYMPbd_]p�F�s�mRXLF ��XL[]_PQ^[]F v
S+ELn���E �lbGE�_'nPQ^TVFrQ^F�kl[Pn]K�[]p�F�s+TVZ e FhgiXL[]Z)E�_]TYXLF�vlQ^_][]TYQ^mLE�W8p�F j � TV[ j TVZ ��ELnPMcb�TVFrQ^WVWYQ^F�T Q^[]FrQ^F
\
Q^T j Q^[ ��Q7.8_]O8W ELnPn]T9_rO|E�_]TYXLFCQ^TVF�sRQ nPQ^_]w _xv

H3E�K�TV_PQ^W�S � T j Z�Q^_ynPTYMPb j Q^[�">Q nPMcb�[PQ^TV\�p�F�s j Q ny�CTVF�TVF�sC��E�[]_ �<Zhn]_PQ^Z�nxv S!ELn �<Zhn]_PQ^Z p�F�_PQ^[ �
n]_�%�_]w _ j Q^F �'[PXLwxQ nPn j Q^[ � TYnPnPQ^FrnPQ^F�_ j Q MPO8p�F�srt�TVFrnP\
Q nPXLF j Q^[PQ j TYQ (�XL[]mRQ^[cE�[]\
Q^TV_]p�F�s j Q^[>S!E�_PQ^F v
��n>giXLWVs|_ Q^TVFrQy�8MPb�TVW j Q^[]p�F�s j Q^[OvJQxE�WVTYnPTYQ^[]p�F�s�mRXLF � `�m�e S+` E�WYnpolKNQ^[cE�_PXL[ g&%�[ j TYQ nPQ nl�<Zhn]_PQ^Z�v

SlTYQ  lF �5Q^F j \GE�[]ORQ^TV_�mRXLF�� `�m�e S+` w p�[��/Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s � TV[ j E�F Q^TVFrQ^Z `GE�WVWV\NQ^TYn]K�TYQ^W
p�Fd_PQ^[Pn]prMcbd_xv ��n'bGE�F j Q^WV_-nPTYMPbBp�Z _PQ^ZBKNXL[cE�WYQ S!E�_PQ^F�E�prn (�Q^[PnPTYMPbrQ^[]p�F�sRn]mRQ^[]_][co�sRQ^F j Q^[ vJQ^F�_PQ^Fh�
E�Frn]_cE�WV_l� � TYnPn T T giQ|vre F<H3E�K�TV_PQ^W V� TV[ j w p�FGoLMPbrnP_ j TYQ+w p<WYI|nPQ^F j Q� lphg sdE�\
Q!Q^[]W o�p�_PQ^[]_xv S+E�FGELMcb
�-Q^[ j Q^F j TYQBS!E�_PQ^F j Q^_cE�TVWVWVTYQ^[]_3\NQ nPMcb�[]TYQ^\
Q^F�p�F j ��[]sRQ^\�F�TYnPnPQ)E�F j Q^[PQ^[� l[]\NQ^TV_PQ^F4w p�[� JFGE�WrZhnPQ
j Q^[l� � TYnPn T T giQ �fS!E�_PQ^F�mRXL[]sRQ n]_PQ^WVWV_xv� l\rnPMPb�WVTYQ �RQ^F j � TV[ j<j TYQ3SUp�[PMPbhg&%�b�[]p�F�s)p�F j<j ELn���[]sRQ^\�F�TYn
j Q^[��/.8KNQ^[]TVZ�Q^Fd_PQqsRQ nPMPb�TVW j Q^[]_xv

efF H3E�K�TV_PQ^WHW�� TV[ j E�F�bGE�F j j Q n5mRXLF$�>brXL[Pn]_PQ^F 5RXRELMPb�TVZ�n Q^F�_ � TYMcORQ^WV_PQ^FCn]_cE�_]TYn]_]TYnPMcbrQ^F T Q^[]F�Z�X��
j Q^WVWYn%g&%�[ j TYQ�� Q7.h_]O�W ELnPnPT9_rOLE�_]TYXLF 	 �)� "!$#&%('�) z|{|{|z�� j ELn>s|p�_PQtT Q^[]FrQ^[]sRQ^\�F�TYn j Q^[J� (U� E�phg j Q^F
ZBTV_lDlTVW g Q!mRXLF � `�m�e S+` [PQ^K�[coLnPQ^F�_]TYQ^[]_PQ^F4S+E�_PQ^F�Q^[]O8W o�[]_xv 5RXRELMcb�TVZ�n �>brQ XL[]TYQ!� TV[ j mRXL[]sRQ n]_PQ^WVWV_
p�F j E�phg j TYQ+mRQ^[��5Q^F j Q^_PQ^F?S!E�_PQ^F/E�F�sRQ �>E�F j _xv

 J\rnPMcb�WVTYQ �RQ^F j �-Q^[ j Q^FCTVF�H3E�K�TV_PQ^W u j TYQ �'[]sRQ^\�F�TYnPnPQ j Q^[� l[]\NQ^TV_ w prncE�ZBZ�Q^F�sRQ giELncn]_ p�F j Z�ILsL�
WVTYMPbrQ��'[��5Q^TV_PQ^[]p�F�sRQ^F j Q n � `�m�e S+`  JFrn E�_]wxQ n nPX�� TYQ3FrQ^prQ3��Q^[PnPK
Q^O8_]TVmRQ^F j TYn]O8p�_]TYQ^[]_xv
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XL[]sRQ^FrQ
TVZBK�WVTVw TV_PQ	� TYnPncQ^F E�phg�w p�_rF j Q^F p�F j Q7.hK�WVTVw TV_ j E�[]w prnP_PQ^WVWYQ^F v (UTYQ^WYQ j TYQ nPQ^[ (�Q^[ giE�b�[PQ^F �-Q^[ j Q^F
nPQ^TV_">Q^s|TVF�F j Q^[yFrQ^p�F�w TVsRQ^[ 5�E�b�[PQ)p�F�_PQ^[ j Q^Z ">Q^s|[]T9R ��� : : (+6): (+6�, 7�(
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w prn E�ZBZ�Q^F�sRQ giE �|_xv ��n bGE�F j Q^WV_�n]TYMcb3b�TYQ^[]\
Q^T
F�TYMcbd_3F�p�[3p�Z FrQ^prQB�/Q^_]brX j Q^F tNTVZ E+Q^sRQ^F�_PQ^TVW�� (UTYQ^WYQBn]TVF j E�prMPb�TVF j Q^FUE!Q^\�TYQ^_PQ^F ��_cE�_]TYn]_]TVO
t
�/prn]_PQ^[PQ^[]ORQ^F�Fdp�F�srt�O %�Frn]_]WVTYMcbrQ e Fd_PQ^WVWVTVsRQ^F�wRt�Z)ELncMPb�TVFrQ^WVWYQ n�T Q^[]FrQ^F t�S!E�_PQ^Fdm8TYn]pGE�WVTYn]TYQ^[]p�F�s4p�F j
S!E�_PQ^Fd\GE�F�ORQ^F4\NQ^O|E�F�Fd_xvHXlQ^p?TYn]_Um�TYQ^WVZ�Q^b�[!TVb�[PQyORXLFrnPQ-,�prQ^Fd_PQ  lprn][]TYMPb�_]p�F�sCE�phg j TYQ�Q���w TYQ^Fd_PQ
(�Q^[cE�[]\NQ^TV_]p�F�s)nPQ^b�[ s|[PX��RQ^[lS+E�_PQ^F�Z�Q^F�sRQ^F v
e F j TYQ ncQ^ZaH3E�K�TV_PQ^W nPXLWVW Q^TVFrQlO8p�[]wxQ �'TVFhg&%�b�[]p�F�sBTVF j TYQ�� TYnPncQ^FrnPQ^Fd_ j Q McO�p�F�sBsRQ^sRQ^\NQ^F �-Q^[ j Q^F t
TVF j Q^Z w p�FGoLMPbrn]_ j Q^[">Q^s|[]T9R�� TYnPnPQ^FrnPQ^F�_ j Q MPO8p�F�s/TVF S!E�_PQ^Fd\GE�F�ORQ^F j Q
_rF�TYQ^[]_�� TV[ j p�F j E�Fh�
nPMcb�WVTYQ �RQ^F j j TYQ)s|[]p�F j WYQ^sRQ^F j Q^F �8MPb�[]TV_]_PQ TVZ H!S+Sl�f�'[PXLwxQ nPn�Q^[]W o�p�_PQ^[]_�-Q^[ j Q^F v ��n3giXLWVs|_yQ^TVFrQ
(�XL[Pn]_PQ^WVWVp�F�s mRXLFJT Q^[]FGE�phg�sdE�\NQ^F t j E�\
Q^T�� TV[ j TVFrnP\
Q nPXLF j Q^[PQ+E�phg j TYQUH+W ELnPn]T9_rO|E�_]TYXLF Q^TVF�sdE�F�sRQ^F v
��n��-Q^[ j Q^F=(�Q^[ g�E�b�[PQ^F�mRXL[]sRQ n]_PQ^WVWV_xt j TYQ j TYQ nPQ T Q^[]FGE�phg sdE�\NQ!WYI|nPQ^F v
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SUTYQ+TVF j Q^[OT TV_PQ^[cE�_]p�[UE�WVWVsRQ^Z�Q^TVF?E�FrQ^[]O|E�F�Fd_PQy`rQ n]_]WYQ^s|p�F�s j Q n�">Q^s|[]T9RNn���� : : (+6 :�(+6�, 70( 	�� 896�1�� 6
�%.<, (+6�� . 6�� (+64n]_cE�ZBZy_JmRXLF�`GE[Z<ZdE j t �'T E�_PQ^_Pn]O1Zd� ��bGE�K�TV[PX)p�F j ��Z Z8_]b 	�� ����9���Q^_UE�W�v D u|u W��fv
�<��� � ���#����"!$#	% �'&(&x�)�*&x�+�
�(,��)-/. �0�21 �3� �<�h�x�+�N�����*.G�+�4#65<�<�8797
��� : :�(+6 : (;6�, 70(
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SUTYQ+S!E�_PQ^F
D
\NQ n]_PQ^brQ^F j E�\
Q^T TVZ� lWVWVsRQ^Z�Q^TVFrQ^F/E�prn Q^TVFrQ^[ �?Q^F�sRQ!mRXLFfol\��]Q^O�_PQ^F thwRv "+v � p�K
Q^W

Q^TVFrQ^[���E�\NQ^WVWYQ TVF Q^TVFrQ^[BS!E�_PQ^Fd\GE�F�ONt j TYQ j p�[PMPb \
Q nP_]TVZBZq_PQ �/Q^[]O8Z)E�WYQ X j Q^[ (%E�[]T E�\�WYQ^F MPbGE1�
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[cE�O�_PQ^[]TYn]TYQ^[]_Bn]TVF j v�SUTYQ sRQ n]prMPb�_PQ^F �/prn]_PQ^[
P
n]TVF j  lprn j [�%rMPORQ TVF Q^TVFrQ^[�DpZ�KNXL_]brQ nPQ^Frn]K�[cELMcbrQ

LH
t j TYQ Q^TVFrQ���Q^TVWVZ�Q^F�sRQ

Dp ⊆ D
E�\ j Q MPORQ^F v���TYQ nPXLWVWYQ^F)\NQ n]_]TVZBZy_PQ^F$�'TVsRQ^FrnPMcbGE1g�_PQ^F sRQ^F %�sRQ^F v

* p�Z Q^TVFrQ^F�nPXLWVWYQ^F�n]TYQ s %�WV_]TVsyncQ^TVF t j v b v j TYQ w p�s|[]p�F j Q^WVTYQ^sRQ^F j Q^F�S!E�_PQ^F�p�F j�j E�[]TVF�Q^F�_]bGE�WV_PQ^FrQ^F
* prncE�ZBZ�Q^F�bGo�F�sRQ>p�F j ��bGo�FrXLZ�Q^FrQ>w p�_][PQ
RNQ^F j \
Q ncMPb�[PQ^TV\NQ^F v * p�Z E�F j Q^[PQ^F��-Q^[ j Q^F XUQ^pGE�[]_]TVsL�
ORQ^TV_xt�X %�_]w WVTYMPb�ORQ^TV_!p�F j (�Q^[Pn]_co�F j WVTYMcb�ORQ^TV_ j Q^[lT j Q^F�_]T9_rw TYQ^[]_PQ^F��/prn]_PQ^[+sRQ g XL[ j Q^[]_xt��-XL\NQ^T j TYQ nPQ
�'TVsRQ^FrnPMPbGE1g _PQ^F�giXL[]Z)E�W F�p�[JnPMPb �-Q^[lw pCQ^[ giELncnPQ^F�n]TVF j v
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 l\�\�TVW j p�F�s�zhv D v �rS+Q^[JH!S+Sl�f�'[PXLwxQ n FGELMcb
	�� 0� �9�� Q^_JE�W�v D u|u W �

SlTYQ ">Q^_PXLF�p�F�s j Q n3�'[PXLwxQ nPn ELn]K
Q^O8_PQ n!TVF j Q^[3S+Q
_rF�TV_]TYXLF�mRQ^[��5Q^TYn]_yE�phg j TYQ�p�Z�giELncnPQ^F j Q)��TYMPb�_ �
�-Q^TYnPQ|t j TYQ�H!S+S E�phg j Q^F��'[PXLwxQ nPn j Q^[qS!E�_PQ^FGE�FGE�WrZhnPQ�bGE�_(� Q n �5Q^[ j Q^F E�WVWYQ)�8MPb�[]TV_]_PQ)mRXLF j Q^[
Q^[Pn]_PQ^F�">Q nPMPbGo1g _]TVs|p�F�sUZBTV_�Q^TVFrQ^[�S+XLZ)o�FrQ-\�TYn b�TVFyw p�[ (�Q^[��-Q^F j p�F�s j Q^[ ��[]sRQ^\�F�TYnPnPQ-TVF vJQ^KNXL[]_Pn
X j Q^[yTVFrn]_cE�WVWVTYQ^[]_PQ^F �8X�g�_ �5E�[PQ naZhn]_PQ^Z�Q^F \NQ^_][cELMPbd_PQ^_xv  l\�\�TVW j p�F�s4zhv D wxQ^TVs|_ j TYQ�s|[]p�F j WYQ^sRQ^F j Q^F
�8MPb�[]TV_]_PQ j TYQ ncQ n �'[PXLwxQ nPnPQ n!��FGELMPb
	�� ������� Q^_JE�W�v D u|u W�� � v

• � �*&�� �����5���3����&��������', �h�x�)�*&x�h���R��&D+o�p�_rs?n]TVF j j TYQ�\
Q^FrIL_]TVs|_PQ^F S!E�_PQ^F ,�prQ^WVWYQ^F mRQ^[]_PQ^TVWV_�� TVFrn]\NQ nPXLF j Q^[PQ�TVZ ORXLZBZ�Q^[]w TYQ^WVWYQ^F
">Q^[PQ^TYMPb�sRQ ncMPb�TYQ^bd_ j TYQ S!E�_PQ^FrQ^[]brQ^\�p�F�sqp�F j �fn]KNQ^TYMPbrQ^[]p�F�s E�FBp�Fd_PQ^[PnPMcb�TYQ j WVTYMPbrQ^FC��_PQ^WVWYQ^F
j Q nU\
Q^_][]TYQ^\�WVTYMcbrQ^F � [cE�Frn giXL[]Z)E�_]TYXLFrn]K�[PXLwxQ nPncQ nxvNefF�nPXLWYMPbrQ^F4`'o�WVWYQ^F?ZqprnPn+Q^TVFrQysRQ Q^TVs|FrQ^_PQ
S!E�_PQ^FrnPQ^WYQ^O8_]TYXLF�p�F j ��w prncE�ZBZ�Q^Fhg&%�b�[]p�F�s nP_cE�_]_ _rF j Q^F v

• � �G�� �d�����������#�0�21SUTYQ nPQ^Z �8Mcb�[]TV_]_lORXLZBZy_lTVF�\NQ^w p�s E�phg  lF �5Q^F j \GE�[]ORQ^TV_Up�F j � ��w TYQ^F�w j Q nlE�FrnPMcb�WVTYQ �RQ^Fh�
j Q^F S+E�_cE1�f�/TVF�TVF�sL� �8MPb�[]TV_]_PnlQ^TVFrQJ\NQ nPXLF j Q^[PQ�">Q j Q^p�_]p�F�s�w p v�E+Q^[cE j QU\NQ^TGs|[PX��RQ^F<S!E�_PQ^Fh�
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\GE�F�ORQ^F�_][]TV_]_%X�g _ j ELn%�'[PXL\�WYQ^Z E�phg]t j ELnPn�giQ^b�WYQ^F j Q|tLZ�Q^b�[ j Q^p�_]TVsRQJX j Q^[ � T j Q^[Pn]K�[�%rMcb�WVTYMPbrQ
efFhgiXL[]Z)E�_]TYXLFrQ^F<mRXL[]bGE�F j Q^FCn]TVF j v�SUTYQ nPQ+S!E�_PQ^Fd\NQ n]_co�F j Q!Z!%rnPnPQ^F j E�F�F<TVZ DJTVF�\�WVTYMPO�E�phg
TVb�[PQ � pGE�WVTV_co�_'%�\NQ^[cE�[]\NQ^TV_PQ^_'�-Q^[ j Q^F thTVF j Q^Z wRv "+v8nP_cE�_]TYn]_]TYnPMPbrQ� lprn][PQ^T �RQ^[ X j Q^[>TVF�ORXLFrn]T �
n]_PQ^Fd_PQ3S!E�_PQ^Frnco�_]wxQqQ^Fd_ giQ^[]Fd_lX j Q^[ giQ^b�WYQ^F j Q3�?Q^[]O�Z)E�WYn��5Q^[]_PQqQ^[]sdo�F�w _��5Q^[ j Q^F v

• � ����2&	� �GL	��h�#��� � Jphg sdE�\
Q j TYQ nPQ n �8MPb�[]TV_]_PQ n>TYn]_5Q nxtRsRQ Q^TVs|FrQ^_PQ+�?Q^[]O�Z)E�WYQJg %�[ j TYQpvlQ^K�[coLnPQ^Fd_cE�_]TYXLF j Q^[>S!E1�
_PQ^F3TVZ DlTVFd\�WVTYMPOqE�phg j TYQ * TYQ^WYnPQ^_]w p�F�slw p _rF j Q^F v#DlTYQ^[]w p3O|E�F�F3wRv "+v TVF�FrQ^[]bGE�WV\ j Q^[�S+E�_PQ^Fh�
\GELn]TYn j TYQ * prncE�ZBZ�Q^Fhg�ELnPn]p�F�s�Z�Q^b�[PQ^[PQ^[U�/Q^[]O8Z)E�WYQ|t j TYQ��'[]ZBTV_]_]WVp�F�s�p�F j �'WVTVZBTVF�TYQ^[]p�F�s
%�\
Q^[ ��%rnPnPTVsRQ^[%�/Q^[]O8Z)E�WYQ|t j TYQ SUTYn]O8[PQ^_]TYn]TYQ^[]p�F�s3p�F j EU[]p�K�K�TYQ^[]p�F�sqmRXLF)�?Q^[]O8Z)E�WYn��-Q^[]_PQ^F
X j Q^[UQ^TVFrQyE�phg j Q^FCw p/mRQ^[��-Q^F j Q^F j Q^F  lWVsRXL[]TV_]b�Zqprn!E�\�sRQ n]_]TVZBZy_PQ� [cE�Frn giXL[]Z)E�_]TYXLF j Q n
�'TVF�sdE�\
Q^[cE�p�Z�nlsRQ^brIL[PQ^F v

• �<�h�x��
 �3���3�*1
efF j TYQ nPQ^Z �8Mcb�[]TV_]_ sRQ ncMPb�TYQ^bd_ j TYQ�Q^TVsRQ^Fd_]WVTYMPbrQ � TYnPnPQ^FrncQ^Fd_ j Q MPO8p�F�s j p�[PMPb# JF �-Q^F j p�F�s
Q^TVFrQ n S!E�_cEB�CTVF�TVF�sL�
(�Q^[ g�E�b�[PQ^F?E�phg j Q^F/E�phg \
Q^[PQ^TV_PQ^_PQ^F?S!E�_PQ^FrncE�_]wRv

• � �
�x��1� 1�d�x�h�#��� � ,����U/1 �d� ���'&(&x�
XUELMcb j Q^ZaS+E�_cE �/TVF�TVF�s�Q^[ g XLWVs|_ j TYQ� lprn��-Q^[]_]p�F�s)p�F j efF�_PQ^[]K�[PQ^_cE�_]TYXLF j Q^[��'[]sRQ^\�F�TYnPnPQ|v
SUQ^[%sdE�F�wxQ � TYnPnPQ^FrnPQ^F�_ j Q MPO8p�F�sRn]K�[PXLwxQ nPn � TV[ j t �5Q^F�F)FrIL_]TVsrtdZ�Q^b�[]Z)E�WYn � TYQ j Q^[]brXLWV_xv  lZ
�'F j Q �-Q^[ j Q^F j TYQ �'[]sRQ^\�F�TYnPnPQqTVF�Q^TVFrQ^Z ">Q^[]TYMPb�_Jw prncE�ZBZ�Q^F�sRQ g�ELnPn]_ p�F j Q^m�_]W�v�TVF�Q^TVFrQ^Z
\5XLZBK�p�_PQ^[]K�[PXLs|[cE�ZBZ X j Q^[lE�phg'Q^TVFrQqE�F j Q^[PQ� l[]_ p�F j ��Q^TYnPQ �5Q^TV_PQ^[]mRQ^[��-Q^F j Q^_xv

S+Q^[�� TYnPnPQ^FrncQ^Fd_ j Q MPO8p�F�sRn]K�[PXLwxQ nPn�TYnP_3TV_PQ^[cE�_]TVm�p�F j TVFd_PQ^[cE�O8_]TVm
v SUTYQ)Q^TVF�wxQ^WVFrQ^F �8MPb�[]TV_]_PQ �-Q^[ �
j Q^F�TVF j Q^[OvJQ^sRQ^W F�TYMcbd_lTVF�WVTVFrQxE�[PQ^[  l\hg XLWVsRQ j p�[PMPb�W E�phgiQ^F t nPXLF j Q^[]F?Q n ORILF�FrQ^F/nPTYMPb?�8Mcb�WYQ^T g Q^F
\�w �3v�v�%rMPOhn]K�[�%�F�sRQyQ^[]sRQ^\
Q^F v �8X�ORXLZBZ�Q^F?w p�Z ">Q^TYn]K�TYQ^W���TV_]pGE�_]TYXLFrQ^F/mRXL[xtG\
Q^T j Q^FrQ^F/w p ">Q �
s|TVF�F j Q^[�S!E�_PQ^FrQ^[ giXL[PnPMPb�p�F�s j TYQ>mRQ^[ giXLWVs|_PQ^F * TYQ^WYQ FrX�McbBF�TYMPb�_%Q7.�E�O8_�giQ n]_]sRQ^WYQ^s|_ �-Q^[ j Q^F�ORILF�FrQ^F
X j Q^[J\NQ^T j Q^FrQ^F�n]TYMPb �5o�b�[PQ^F j�j Q nU�'[PXLwxQ nPnPQ nUmRXL[]brQ^[UF�TYMPbd_U\NQ j ELMPbd_PQ TVF�_PQ^[PQ nPncE�Fd_PQ�klFd_PQ^[]w TYQ �
WYQ Q^[]sRQ^\
Q^F v  lprMPb?OLE�F�F j TYQ J[]_ j Q^[!Q^Fd_ j Q McO�_PQ^F��/prn]_PQ^[ %�\
Q^[][cELnPMcbrQ^F4p�F j/j ELn� lp�sRQ^F�Z�Q^[]O
TVF Q^TVFrQ<FrQ^prQsv TYMPb�_]p�F�s�WYQ^F�ORQ^F v%SUp�[PMcb efF�_PQ^[cE�O�_]TYXLF ZBTV_ j Q^Z ">Q^Fdp�_]wxQ^[�Z�%rnPnPQ^F TVFrn]\
Q ncXLFh�
j Q^[PQ j TYQ3S!E�_PQ^FGE�phg�\NQ^[PQ^TV_]p�F�sRn � p�F j E�FGE�WrZhnPQxE�[]\NQ^TV_PQ^F?E�phg j Q^F �]Q �-Q^TVWVTVsRQ^F  JF �-Q^F j p�F�sRn]w �5Q MPO
E�\�sRQ n]_]TVZBZy_ �5Q^[ j Q^F v
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e Z mRXL[cE�F�sRQ^sdE�F�sRQ^FrQ^F  l\rnPMcb�F�TV_]_�� p�[ j Q j Q^[ �'[PXLwxQ nPn j Q^[�� TYnPnPQ^FrnPQ^F�_ j Q MPO8p�F�s)TVF�S!E�_PQ^Fd\GE�Fh�
ORQ^FymRXL[]sRQ n]_PQ^WVWV_xvLS+E�_cEl�/TVF�TVF�slTYn]_ Q^TVF��8Mcb�[]TV_]_ j TYQ ncQ n��'[PXLwxQ ncnPQ nxv�efF j TYQ nPQ^Z �8Mcb�[]TV_]_ �-Q^[ j Q^FBS!E1�
_cE)�CTVF�TVF�s (�Q^[ giE�b�[PQ^F�w p�[tT I|n]p�F�s mRXLF T Q^[]FGE�phg�sdE�\NQ^F4Q^TVF�sRQ nPQ^_]w _xvNefF 	�������� �)!�Q^_JE�W�vGz|{|{|{ �
� TV[ j<j Q
_rF�TYQ^[]_xt �5ELn p�F�_PQ^[lQ^TVFrQ^[OT Q^[]FGE�phg�sdE�\NQ!w p�mRQ^[Pn]_PQ^brQ^FCTYn]_xv
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EU[]p�F j nco�_]w WVTYMPb �-Q^[ j Q^F4K�[co j TVO8_]TVmRQ�p�F j4j Q n]O�[]TVK�_]TVmRQ T Q^[]FGE�phg�sdE�\NQ^F4p�Fd_PQ^[PnPMcb�TYQ j Q^F v ">Q^T�K�[co1�
j TVO�_]TVmRQ^FFT Q^[]FGE�phg sdE�\
Q^F TYn]_�Q n j ELn%* TYQ^W�t Q^TVFrQ p�F�\
Q^O|E�F�Fd_PQ<`�p�F�O8_]TYXLF Z�ILs|WVTYMPbrnP_ s|p�_�w p E�Kh�
K�[PX-.hTVZBTYQ^[PQ^F t%p�Z ncX?g %�[�E�WVWYQ�Z�ILs|WVTYMPbrQ^F w p�O %�Fhg _]TVsRQ^F e Frn]_cE�F�wxQ^F E�prn j Q^Z e Frn]_cE�F�wxQ^F�[cE�p�Z
j Q^F/`�p�F�O8_]TYXLFrn��-Q^[]_UZ�ILs|WVTYMPbrnP_ls|p�_lmRXL[]brQ^[PncE�sRQ^F/w p/ORILF�FrQ^F v DlTYQ^[]w p�TYn]_UQ^TVFCs|WYXL\GE�WYQ nU�/X j Q^WVW
Q^[ g XL[ j Q^[]WVTYMcb t j ELn%Q n%sRQ n]_cE�_]_PQ^_xt|g&%�[ �]Q j Q Z�ILs|WVTYMPbrQUefFrnP_cE�F�wlE�prMPb�_cE�_PncoLMPb�WVTYMcbrQlQ^TVFrQ (�XL[]brQ^[PncE�sRQ
w p _][PQ
R Q^F v�S!ELn%* TYQ^W>Q^TVFrQ^[ j Q nPO�[]TVK�_]TVmRQ^FFT Q^[]FGE�phg sdE�\
Q \NQ n]_PQ^bd_ b�TVF�sRQ^sRQ^F j E�[]TVF t j p�[PMPb DOZ��
K
XL_]brQ nPQ^F<\NQ nPMcb�[]TYQ^\
Q^FrQ���Q^TVWV\
Q^[PQ^TYMcbrQ j Q n e Frn]_cE�F�wxQ^F�[cE�p�Z�Q nJw p�T j Q^Fd_]T9_rw TYQ^[PQ^F t %�\
Q^[ j TYQ!WYXLO|E�W
TVFd_PQ^[PnPncE�F�_PQ� lprnPncE�sRQ^F<sRQ^Z)ELMcbd_ �5Q^[ j Q^FCORILF�FrQ^F v

SlTYQ)H+W ELnPn]T9_rO|E�_]TYXLF�sRQ^brIL[]_qw p j Q^F�K�[co j TVO�_]TVmRQ^FUT Q^[]FGE�phg sdE�\
Q^F v ">Q^T j Q^[qH+W ELnPn]T9_rO|E�_]TYXLF�sRQ^b�_
Q n j E�[]p�Z�t Q^TVFrQB�/Q^F�sRQ�mRXLF�ol\��]Q^O�_PQ^F4TVF�Q^F j WVTYMcb�m8TYQ^WYQ j TYn � p�F�O8_PQ�H+W ELnPnPQ^F

K1,K2, . . . ,KmQ^TVF�w p�_PQ^TVWYQ^F v%SUTYQsol\�� Q^O8_PQ �-Q^[ j Q^F j p�[PMPb Q^TVFrQ<�/Q^F�sRQ<mRXLF� >_]_][]TV\�p�_PQ^F
A1, A2, . . . , An

\NQ �
nPMPb�[]TYQ^\NQ^F vr`rXL[]Z)E�W�\
Q n]_PQ^b�_ j ELn * TYQ^W j E�[]TVF tGQ^TVFrQ3`�p�F�O8_]TYXLF

f
ZBTV_

f : A1 × A2 × . . . × An → {K1,K2, . . . ,Km} �izhv D �
w p<\
Q n]_]TVZBZ�Q^F v

��n5s|TV\�_ Q^TVFrQ�vlQ^TVbrQUmRXLF (�Q^[ g�E�b�[PQ^F t j TYQ+H+W ELnPn]T9_rO|E�_]TYXLFrncE�phg sdE�\
Q^F<WYI|nPQ^F ORILF�FrQ^F v�e Z�vUE�b�Z�Q^F
j TYQ nPQ^[  J[]\NQ^TV_�ORXLZBZ�Q^F j TYQ ��_�%�_]w mRQ^O�_PXL[]mRQ^O8_PXL[]Z�Q^_]brX j Q|t1X+E�TVmRQ " E[ZRQ nxt �'Fd_PncMPbrQ^T j p�F�sRn]\Go�p�Z�Q
p�F j  JK�[]TYXL[]T w p�Z �'TVFrncE�_]wRvrSUTYQ nPQ (�Q^[ g�E�b�[PQ^F �5Q^[ j Q^FCFGELMPbhgiXLWVsRQ^F jCj Q^_cE�TVWVWVTYQ^[]_lmRXL[]sRQ n]_PQ^WVWV_xv

&('*)(',+-'/.10 243658795�:<;=2?>@5�A-B�C#2D58E�AGFH2

SlTYQ ��_�%�_]w mRQ^O�_PXL[]Z�Q^_]brX j Q ����p�K�K
XL[]_ (�Q M^_PXL[��?ELMcb�TVFrQ|t+� (+� �<TYn]_CQ^TVF�T Q^[]FdmRQ^[ g�E�b�[PQ^F t j ELn
E�prn j Q^[ n]_cE�_]TYn]_]TYnPMcbrQ^F T Q^[]Fd_]brQ XL[]TYQ�brQ^[]mRXL[]sRQ^sdE�F�sRQ^F TYn]_ 	JI LKNM&%�O D u|u l �fv-S+Q^[$ lWVsRXL[]TV_]b�Zqprn

W
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\NQ^[]p�bd_ E�phg j Q^[ e j Q Q j Q^[)n]_][]p�O8_]p�[PQ^WVWYQ^F vJTYn]TVORXLZBTVF�TVZBTYQ^[]p�F�s 	JI -K=M&% O D u l z��fv%SlTYQ�g XLWVsRQ^F j Q
S!E�[Pn]_PQ^WVWVp�F�s XL[]TYQ^Fd_]TYQ^[]_<n]TYMPb E�F 	 �)� "!$#&% '�) z|{|{ D t � � ��� �)!�Q^_lE�W�vrz|{|{|{��fv-` %�[�Q^TVFrQ j Q^_cE�TVW �
WVTYQ^[]_PQ/SlTYnPO�prnPnPTYXLF j Q^[$�>brQ XL[]TYQ j Q^[�n]_][]p�O8_]p�[PQ^WVWYQ^F v TYn]TVORXLZBTVF�TVZBTYQ^[]p�F�s p�F j Q^TVFrQ?E�prn g %�b�[]WVT �
McbrQ^[PQ�S!E�[Pn]_PQ^WVWVp�F�s�F�TYMPb�_ ��WVTVFrQxE�[PQ^[ �'[��-Q^TV_PQ^[]p�F�sRQ^F � TV[ j E�phg 	���� ��� � ) D u|u l tGI LKNM&%�O D u|u l t
� # �"%�)	�$% -M&%�M&% p�F j�
 # � ����� ���!�����z|{|{|{�� mRQ^[�� TYQ nPQ^F v
SUTYQ �'TVF�sdE�\NQ j Q^[U� (+� \NQ n]_PQ^b�_lE�prn�� [cE�TVF�TVF�sRnP\
Q^TYn]K�TYQ^WYQ^F

E

( ~x1, y1), . . . , (~xl, yl)
ZBTV_

(~xi, yi) ∈ IRp × {+1,−1} �izhv z
�
�'TVF Q^TVF�wxQ^WVFrQ n�">Q^TYn]K�TYQ^W

(−→xi , yi)
TYn]_ j p�[PMcb Q^TVFrQ^F�ncXLsrv O'(+* � 
 .�� :���( ��,�� * −→xi

p�F j Q^TVFrQ^[ 
 (;6)6�F
@ (�� 	K:06)896�1 � X j Q^[ 
P� .�: :�� C ��.<, �D� 6 �

yi

\NQ nPMPb�[]TYQ^\NQ^F v

S!ELn * TYQ^W j Q n� lWVsRXL[]TV_]b�Zqprn��
TYn]_+Q nxtNE�prn j Q^F/sRQ^sRQ^\NQ^FrQ^F "5Q^TYnPK�TYQ^WYQ^F�Q^TVFrQ�H+W ELnPnPT9_rOLE�_]TYXLFrn][PQ^sRQ^W
E�\�w p�WYQ^TV_PQ^F t j TYQ3FrQ^prQ�">Q^TYn]K�TYQ^WYQqs|WYQ^TYMPbrQ^F ��Z8Krn ZBTV_Js|[PI��|_]Z�ILs|WVTYMcbrQ^[���E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_UORXL[ �
[PQ^O8_ O8W ELnPn]T9_rw TYQ^[]_xv[T TVFrQxE�[PQ5H+W ELnPn]T9_rO|E�_]TYXLFrn][PQ^sRQ^WVF

h
ORILF�FrQ^F j p�[PMcbqgiXLWVsRQ^F j Q�`rXL[]Z�Q^W j E�[]sRQ n]_PQ^WVWV_

�5Q^[ j Q^F �

h(~x) = sign

(

b +

n
∑

i=1

wixi

)

= sign(~w · ~x + b)
�izhv }
�

SUTYQ'H+W ELnPn]T9_rO|E�_]TYXLFrn][PQ^sRQ^W�\
Q n]_PQ^b�_ E�prn w �5Q^T�HlXLZBK
XLFrQ^F�_PQ^F
~w
p�F j

b
v
~w
TYn]_ j Q^[nE+Q � TYMPb�_Pn]mRQ^O8_PXL[xt

Q^['XL[ j FrQ^_ �]Q j Q^Z �?Q^[]O8Z)E�WhQ^TVFBsRQ � TYncnPQ n E+Q � TYMPb�_�w p v
b
TYn]_'Q^TVF)�8MPb �-Q^WVW �5Q^[]_xv�e F j Q^[ � [cE�TVF�TVF�sRn �

K�bGELnPQ5WYQ^s|_ j TYQJ� (+� j Q^F E+Q � TYMPb�_Pn]mRQ^O8_PXL[
~w
p�F j�j Q^F��8MPb �5Q^WVW �-Q^[]_

b
giQ n]_xv;XUELMcb j TYQ nPQ^['`rQ n]_]WYQ �

s|p�F�s3O|E�F�F)Q^TVF�p�F�\
Q^O|E�F�Fd_PQ n ">Q^TYn]K�TYQ^WrO8W ELnPn]T9_rw TYQ^[]_ �-Q^[ j Q^F tdTVF j Q^Z
h(~x) = sign(~w ·~x+b) = yj p�[PMcb "5TVW j p�F�s j Q nB��O|E�W E�[]K�[PX j p�O8_PQ n

~w · ~x t j Q^[� j�j TV_]TYXLF mRXLF b
p�F j�j Q^[ JF �-Q^F j p�F�s j Q^[

`�p�F�O8_]TYXLF
sign : IR → {+1,−1} \NQ^[PQ MPb�FrQ^_�� TV[ j v SUTYQ `�p�F�O8_]TYXLF sign(a)

bGE�_ j Q^F ��Q^[]_
+1

t
�5Q^F�F

a > 0
TYnP_xt�nPXLFrn]_ F�TVZBZq_Un]TYQ j Q^F ��Q^[]_ −1

E�F v

SUTYQ EUWYQ^TYMPb�p�F�s
sign(~w · ~x + b) = 0

\
Q ncMPb�[PQ^TV\�_BQ^TVFrQ nPXLsRQ^FGE�F�Fd_PQ DpZ�KNQ^[PQ^\
Q^FrQ|v e Z w �5Q^T j T �
Z�Q^Frn]TYXLFGE�WYQ^F vlE�p�Z TYnP_ j TYQ DpZ�KNQ^[PQ^\
Q^FrQJQ^TVFrQ�E+Q^[cE j Q|v  JWVWYQ�">Q^TYn]K�TYQ^WYQUE�phg j Q^[5Q^TVFrQ^F �8Q^TV_PQ j Q^[
DpZ�KNQ^[PQ^\NQ^FrQ �-Q^[ j Q^F E�WYnBKNX|n]TV_]TVmRQ|t%E�WVWYQ<�?Q^[]O8Z)E�WYn]mRQ^O�_PXL[PQ^F E�phg j Q^[)E�F j Q^[PQ^F �8Q^TV_PQ �-Q^[ j Q^F
E�WYn+FrQ^sdE�_]TVmRQ ">Q^TYn]K�TYQ^WYQ�O8W ELnPn]T9_rw TYQ^[]_xv � TYQ TVZ WVTVF�ORQ^F ��Q^TVW j Q^[  J\�\�TVW j p�F�s?zhv z)w p�ncQ^brQ^F t s|TV\�_
Q nqm�TYQ^WYQJE+Q^[cE j Q^F t j TYQ)K
X|nPTV_]TVmRQ�p�F j FrQ^sdE�_]TVmRQ$">Q^TYn]K�TYQ^WYQ)_][PQ^F�FrQ^F v�SUTYQ<� (U� �5o�b�WV_ j TYQ)DpZ��
KNQ^[PQ^\
Q^FrQ|t��-Q^WYMcbrQ j TYQqKNX|n]TV_]TVmRQ^F�p�F j FrQ^sdE�_]TVmRQ^F "5Q^TYnPK�TYQ^WYQqZBTV_+Z)E�.hTVZ)E�WYQ^F  l\rn]_cE�F j _][PQ^F�Fd_xv
HlXLF�O�[PQ^_ \
Q j Q^p�_PQ^_ j TYQ nxt j ELnPn j Q^[ Q^p�O8WVT j TYnPMPbrQ  l\rn]_cE�F j j Q^[ �?Q^[]O�Z)E�WYnPmRQ^O�_PXL[PQ^F

~xi

w p�[�DOZ8KNQ^[ �
Q^\NQ^FrQ Z)E�.hTVZBTYQ^[]_ �-Q^[ j Q^F ZqprnPn#v * p �]Q j Q^Z ">Q^TYn]K�TYQ^WrZqprncn j TYQ DpZ�KNQ^[PQ^\NQ^FrQ ZBTVF j Q n]_PQ^Frn%Q^TVFrQ^F
 l\rn]_cE�F j mRXLF

δ
bGE�\
Q^F v `GXL[]Z)E�W�OLE�F�F�Z)E�F j ELn j p�[PMPb j ELn+g XLWVsRQ^F j Q olK�_]TVZBTYQ^[]p�F�sRn]K�[PXL\�WYQ^Z

\NQ nPMPb�[PQ^TV\NQ^F �
">Q^[PQ MPb�FrQ

~w, b
�izhv S �

nPX j ELnPn
δ
Z)E�.hTVZ)E�W �izhvAV
�

p�F j Q n s|TVWV_
y1

1

||~w|| [~w · ~x1 + b] ≥ δ, . . . , y`
1

||~w|| [~w · ~x` + b] ≥ δ
�izhvAW
�

u
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 J\�\�TVW j p�F�s�zhv zhv �'E
�yQ^TVF�TVsRQ j Q^[ Z�ILs|WVTYMcbrQ^F�� [PQ^F�FrQ^\NQ^FrQ^F t'\��yXLK�_]TVZ)E�WYQ<DOZ8KNQ^[PQ^\
Q^FrQ|t Q^TVF�sRQ �
O�[PQ^TYn]_PQq��_�%�_]w mRQ^O8_PXL[PQ^F �iE�prn%	�������� �)!�Q^_lE�W�vrz|{|{|{ � �

SlTYQ ">Q^TYn]K�TYQ^WYQ|t j TYQ j Q^[ DOZ8K
Q^[PQ^\NQ^FrQ+E�Z FGoLMcbrn]_PQ^F<WVTYQ^sRQ^F t �-Q^[ j Q^F?��_�%�_]w mRQ^O8_PXL[PQ^F � Q^F�s|W�vr��p�Kh�
K
XL[]_ (�Q M^_PXL[Pn �5sRQ^FGE�F�Fd_xv
efb�[� l\rn]_cE�F j TYnP_ sRQ^FGE�p

δ
t j v b v j TYQ!w p�sRQ^brIL[]TVsRQykJF�s|WYQ^TYMcbdp�F�s TYn]_ KNQ^[

EUWYQ^TYMPb�brQ^TV_UQ^[ g %�WVWV_xv

kJZ j TYQqXLK�_]TVZ)E�WYQ DOZ8K
Q^[PQ^\NQ^FrQ3w p/\
Q^[PQ Mcb�FrQ^F t�� TV[ j/j ELn olK�_]TVZBTYQ^[]p�F�sRn]K�[PXL\�WYQ^Z TVF/Q^TVFrQyQ^TVFh�
giELMcbrQ^[PQ?`GXL[]Z sRQ^\�[cELMcbd_xv SUTYQ T o�F�sRQ j Q n E+Q � TYMcbd_Pn]mRQ^O8_PXL[Pn ||~w|| \
Q Q^TVF��rprncn]_ j TYQ T E�sRQ j Q^[DOZ8K
Q^[PQ^\NQ^FrQ F�TYMcbd_xvhSUTYQ nPQ ��E�_PncELMcbrQUQ^[]W E�p�\�_ Q nxt j TYQlDpZ8K
Q^[PQ^\NQ^FrQJw pc_�.8TYQ^[PQ^F t8TVF j Q^Z

δ = 1
||~w||sRQ nPQ^_]w _ � TV[ j v  lWVWYQ (�XL[]ORXLZBZ�Q^FBmRXLF

δ
�-Q^[ j Q^FBn]p�\rn]_]TV_]p�TYQ^[]_xv ��n�Q^[]s|TV\�_'n]TYMcb j E�F�F j ELn�giXLWVsRQ^F j Q

olK�_]TVZBTYQ^[]p�F�sRn]K�[PXL\�WYQ^Z��

_rF j Q
~w, b

�izhv3u �
nPX j ELncn

~w · ~w
ZBTVF�TVZ)E�W �izhv l �

p�F j Q n s|TVWV_
y1 [~w · ~x1 + b] ≥ 1, . . . , y` [~w · ~x` + b] ≥ 1

�izhv u
�

SlTYQ ncQ n ,�pGE j [cE�_]TYnPMPbrQ olK�_]TVZBTYQ^[]p�F�sRnPK�[PXL\�WYQ^ZaW o �|_ n]TYMPb nPMPb�WYQ Mcbd_ j TV[PQ^O8_5ZBTV_-F�p�Z�Q^[]TYnPMPbrQ^FC�?Q �
_]brX j Q^F�WYI|ncQ^F vGS+Q n]bGE�WV\ � TV[ j Q n TVF j ELn g XLWVsRQ^F j Q|t
o�,dp�TVm|E�WYQ^Fd_PQ olK�_]TVZBTYQ^[]p�F�sRn]K�[PXL\�WYQ^Z p�ZBsRQ �
g XL[]Zy_xv

_rF j Q
α1, . . . , α`

�izhv D {
�

nPX j ELnPn −
∑̀

i=1

αi +
1

2

∑̀

i=1

∑̀

j=1

yiyjαiαj(~xi · ~xj)
ZBTVF�TVZ)E�W �izhv D D �

p�F j Q n s|TVWV_ ∑̀

i=1

yiαi = 0
p�F j ∀i : 0 ≤ αi

�izhv D z
�

��n�s|TVWV_�Q^TVFrQ ">Q^WYQ^s|p�F�s�g %�[ j TYQ (%E�[]T E�\�WYQ^F
α1, . . . , α`

w p _rF j Q^F t�nPX j ELnPn j Q^[  lprn j []prMPO TVF
zhv D D ZBTVF�TVZ)E�WJTYn]_xv�S+E�\NQ^T Z�%rncnPQ^F E�WVWYQ

αi
s|[PI��RQ^[�X j Q^[�s|WYQ^TYMcb Fdp�WVW nPQ^TVF v�EUWYQ^TYMcb�wxQ^TV_]TVs�ZyprnPn

j TYQ�EUWYQ^TYMcbdp�F�sBzhv D zqQ^[ g&%�WVWV_-nPQ^TVF v<XUELMcb j Q^[ "5Q^[PQ Mcb�Fdp�F�s j Q^[^T I|n]p�F�s
α∗

1, . . . , α
∗
`

j Q n olK�_]TVZBTYQ �

l
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[]p�F�sRn]K�[PXL\�WYQ^Z�nlQ^[]s|TV\�_Jn]TYMcb<g XLWVsRQ^F j QqH+W ELnPn]T9_rO|E�_]TYXLFrn][PQ^sRQ^W��

h(x) = sign

(

b +
∑̀

i=0

α∗
i yi ~xi · ~x

)

�izhv D }
�

S+Q^[pE+Q � TYMcbd_Pn]mRQ^O8_PXL[
~w
� TV[ j \
Q^[PQ Mcb�FrQ^_ j p�[PMcb

~w =
∑̀

i=0

α∗
i yi ~xi

�izhv D S �

�5XL\
Q^T-Fdp�[ j TYQ ��_�%�_]w mRQ^O8_PXL[PQ^F ZBTV_
α∗

i > 0
TVF j TYQ$">Q^[PQ MPb�Fdp�F�s4Q^TVF�sRQ^brQ^F v S+Q^[��8MPb �-Q^WVW �5Q^[]_

b = yi−~w·~xi
W oLncn]_ n]TYMcb3ZBTV_ DlTVW g Q�Q^TVFrQ n \
Q^WVTYQ^\�TVsRQ^FB��_�%�_]w mRQ^O�_PXL[Pn j p�[PMPb�'TVFrnPQ^_]wxQ^Fy\
Q n]_]TVZBZ�Q^F v

 �� ` * b �3B+" -<�5214<-�. 6^.0-�&�&'$'&)(

��E�FrMPb�Z)E�W�TYn]_!Q nUF�TYMPb�_!Z�ILs|WVTYMPb t j TYQ�� [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQBnPX�w p�_][PQ^F�FrQ^F t j ELnPn!E�WVWYQ">Q^TYn]K�TYQ^WYQ
ORXL[][PQ^O8_+O�W ELnPnPT9_rw TYQ^[]_ �-Q^[ j Q^F v SUTYQ T I|n]p�F�s \NQ n]_PQ^bd_ j E�[]TVF t � [cE�TVF�TVF�sRn g Q^b�WYQ^[qw p�w p�W ELnPnPQ^F v ��E�F
mRQ^[Pn]prMcbd_-F�TYMPbd_5Fdp�[ j Q^F  l\rn]_cE�F j w p�[%XLK�_]TVZ)E�WYQ^F DOZ8KNQ^[PQ^\
Q^FrQ|tRncXLF j Q^[]F E�prMPb j TYQl��p�ZBZ�Q j Q^[
TVFBH3E�phgNsRQ^FrXLZBZ�Q^FrQ^F)`rQ^b�WYQ^[

ξi
w pBZBTVF�TVZBTYQ^[PQ^F vRSUTYQ n � TV[ j E�WYn � (�� 	;:�(�� * (+6)6�8�6�1y\NQ^wxQ^TYMPb�FrQ^_xv

">Q^[PQ Mcb�FrQ
~w, b

�izhv D V
�

ncX j ELnPn
w ∗ w + C

l
∑

i=1

ξi

ZBTVF�TVZ)E�W �izhv D W
�
p�F j Q n s|TVWV_

y1[~w ∗ ~x1 + b] ≥ 1 − ξ1, . . . , yl[~w ∗ ~xl + b] ≥ 1 − ξl

�izhv D u �
5RQ j Q n

ξi
ZBTYnPn]_xt�� TYQ �-Q^TV_ j ELn Q^Fd_Pn]K�[PQ McbrQ^F j Q ">Q^TYn]K�TYQ^WlTVZ X j Q^[ �]Q^FrnPQ^TV_Pn j Q n �8Q^KGE�[cE�_]TYXLFrn �

\NQ^[PQ^TYMPbrn WVTYQ^s|_xv
C
TYn]_�Q^TVF ��E�[cE�Z�Q^_PQ^[xt j Q^[ Q^TVF  l\ �5o�sRQ^F mRXLF �8Q^KGE�[cE�_]TYXLFrn��-Q^TV_PQ p�F j `rQ^b�WYQ^[

Q^[]W E�p�\�_xv�S!ELn j pGE�WYQ ,�pGE j [cE�_]TYnPMcbrQsolK�_]TVZBTYQ^[]p�F�sRn]K�[PXL\�WYQ^Z TVF ��_cE�F j E�[ j g XL[]Z g&%�[�� (U�?nqZBTV_
�5Q^TYMPbrQ^[�� [PQ^F�Fdp�F�sCs|WYQ^TYMcbd_ j Q^Z g %�[q� (+�/n+ZBTV_!bGE�[]_PQ^[�� [PQ^F�Fdp�F�srt �-Q^F�F�Z)E�F4TVF�EUWYQ^TYMcbdp�F�s
zhv D z ∀ : 0 ≤ αi

j p�[PMcb ∀ : 0 ≤ αi ≤ C
Q^[PnPQ^_]w _xv

&(' )('*&('����-0 ; 2	�
���<2�

E+Q^sRQ^\NQ^F�ncQ^TYQ^F
k
H+W ELncnPQ^F

C1, C2, . . . , Ck

p�F j Q^TVF�w p�O8W ELnPn]T9_rw TYQ^[PQ^F j Q n ol\�� Q^O8_5ZBTV_
m
�?Q^[]Od�

Z)E�WYQ^F
x1, x2, . . . , xm,

j TYQ TVZ �?Q^[]O8Z)E�WYn]mRQ^O�_PXL[
X
w prncE�ZBZ�Q^F�sRQ g�ELnPn]_��-Q^[ j Q^F v

Pr(Ci|X)
s|TV\�_

j TYQ��E�b�[PnPMcbrQ^TVF�WVTYMPb�ORQ^TV_BE�F t j ELncn j ELn ol\�� Q^O8_!ZBTV_ j Q^Z sRQ^sRQ^\
Q^FrQ^F��?Q^[]O�Z)E�WYnPmRQ^O�_PXL[
X
w p�[

H+W ELnPncQ
Ci

sRQ^brIL[]_xv E+Q nPprMPbd_!TYnP_ j TYQ � Q^F�TVsRQBH+W ELnPncQ
Ci
t
g&%�[ j TYQ j TYQ nPQ���E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_yZ)E1�

.hTVZ)E�W�TYnP_xv SUTYQ">E[ZRQ n�� nPMcbrQ vlQ^sRQ^W 	 �  '5� ) D u l V���\NQ ncE�s|_xt j ELncnlQ^TVF�H+W ELnPn]T9_rO|E�_PXL[!XLK�_]TVZ)E�W TYnP_xt

u
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�-Q^F�F Q^[BQ^TVFFol\��]Q^O�_�ZBTV_ j Q^Z �/Q^[]O8Z)E�WYn]mRQ^O8_PXL[
X
j Q^[BH+W ELnPnPQ�w p �5Q^TYn]_xt g&%�[ j TYQ

Pr(Ci|X)Z)E�.8TVZ)E�W TYnP_xv

HBAY ES(X) = argmax
Ci∈C

Pr(Ci|X)
�izhv D[l �

">E[ZRQ n����>brQ XL[PQ^Z 	 �  '5� ) D u l V ��OLE�F�F j E�w p3\NQ^Fdp�_]w _ �-Q^[ j Q^F t j TYQ ��E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_
Pr(Ci|X)TVF<w �-Q^T ��Q^TVWYQyE�phg w prn]KGE�WV_PQ^F v

Pr(Ci|X) =
Pr(X|Ci) ∗ Pr(Ci)

∑

Ci∈C Pr(X|Ci) ∗ Pr(Ci)

�izhv D u
�

Pr(Ci)
TYnP_ j TYQ<E/K�[]TYXL[]T'��E�b�[PnPMcbrQ^TVF�WVTYMPb�ORQ^TV_xt j ELnPn�Q^TVF ol\�� Q^O8_�TVF H+W ELncnPQ

Ci

TYn]_xv
Pr(X|Ci)TYn]_ j TYQ ��E�b�[PnPMcbrQ^TVF�WVTYMPb�ORQ^TV_xt j ELnPnBTVF H+W ELnPncQ

Ci

j ELn ol\�� Q^O8_�ZBTV_ j Q^Z �?Q^[]O8Z)E�WYn]mRQ^O�_PXL[
X\
Q XL\GELMcbd_PQ^_ � TV[ j v

P̂r(Ci)
t j Q^[5�8MPbGo�_]w �5Q^[]_%g&%�[

Pr(Ci)
tROLE�F�F�mRXLF j Q^Z  lFd_PQ^TVW j Q^[ � [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQ \NQ^[PQ MPb�FrQ^_

�-Q^[ j Q^F t j TYQ!nPTYMPb�TVF j Q^[ Q^F�_Pn]K�[PQ MPbrQ^F j Q^F4H+W ELnPncQ+\
Q
_rF j Q^F v

P̂r(Ci) =
|Ci|

∑

C′∈C |C ′|
�izhv z|{
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S+E�\NQ^T TYn]_ |Ci|
j TYQ� lF�w#E�b�W j Q^[ � [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQqTVFCH+W ELnPnPQ

Ci

v

S+ELnJ�8McbGo�_]wxQ^F j Q^['��E�b�[PnPMcbrQ^TVF�WVTYMPb�ORQ^TV_
Pr(X|Ci)

TYn]_'�5Q^F�TVsRQ^[JQ^TVFhg�ELMPb v��'TVFrQ^F/�8McbGo�_]w �-Q^[]_Uw p
\
Q n]_]TVZBZ�Q^F t � TV[ j Q^[Pn]_ j p�[PMPb j TYQ mRQ^[PQ^TVFhg�ELMPbrQ^F j Q� JF�FGE�b�Z�Q j Q^[%ORXLF j TV_]TYXLFGE�WYQ^F klFGE�\�bGo�F�s|TVsL�
ORQ^TV_5Z�ILs|WVTYMcb vrSUTYQ nPQl\
Q ncE�s|_xt j ELnPn �?Q^[]O8Z)E�WYQlp�FGE�\�bGo�F�s|TVs�nPTVF j t�sRQ^sRQ^\NQ^F j TYQ+H+W ELnPnPQ|t�E�prn j Q^[
Q^TVF ol\��]Q^O�_�n]_cE�ZBZy_xv�klFd_PQ^[ j TYQ nPQ^[  lF�FGE�b�Z�Q-O|E�F�F

Pr(X|Ci)
E�WYn���[PX j p�O8_�E�prn j Q^F \NQ j TVF�s|_PQ^F

��E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_PQ^F/g&%�[ j TYQ!TVF
X
mRXL[]ORXLZBZ�Q^F j Q^F/�?Q^[]O�Z)E�WYQ

xj

\NQ^[PQ MPb�FrQ^_ �-Q^[ j Q^F �

Pr(X|Ci) =

|Ci|
∏

j=1

Pr(xj |Ci)
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S+ELn TVF j p�O8_]TVmRQ T Q^[]FrnaZhn]_PQ^Z \^SrvAV 	�� � % M�! -M D u|u|} � � p�[ j Q E�phg j Q^[ " ELn]TYn mRXLF
e S!}�	�� �&% M !<-M D u l W �hQ^F�_ � TYMcORQ^WV_xv � TYQ5e S+} sRQ^FrQ^[]TYQ^[]_%E�prMPbc\^SrvAVlH+W ELnPn]T9_rO|E�_PXL[PQ^F TVF�`rXL[]Z mRXLF
�'Fd_PnPMcbrQ^T j p�F�sRn]\Go�p�Z�Q^F v'�'TVF �'Fd_PnPMcbrQ^T j p�F�sRn]\GE�p�Z TYn]_)Q^TVF sRQ^[]TYMPb�_PQ^_PQ^[xt>E�wCZ8O8WVTYnPMPbrQ^[ EU[cE�K�b v
5RQ j Q^[3H+FrXL_PQ^F j Q n]EU[cE�K�brQ^F4TYn]_!Q^F�_ �-Q j Q^[ Q^TVF �'Fd_PncMPbrQ^T j p�F�sRn]O8FrXL_PQ^F X j Q^[3Q^TVF "-W E�_]_xv 5dQ j Q n
"-W E�_]_>TYn]_>ZBTV_ Q^TVFrQ^[ H+W ELnPnPQU\NQ nPMPb�[]T g _PQ^_xv  lF Q^TVFrQ^Z���Fd_PnPMcbrQ^T j p�F�sRn]O�FrXL_PQ^F � TV[ j Q^TVF  >_]_][]TV\�p�_ �
��Q^[]_ � � Q n]_ %�\NQ^[ Q^TVFBQ^TVF�wxQ^WVFrQ n  >_]_][]TV\�p�_%E�prn]sRQ g&%�b�[]_xvL` %�[ �]Q j Q^F  JprnPsdE�F�s j TYQ ncQ n  >_]_][]TV\�p�_]_PQ nP_Pn
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bGE�_ j Q^[ �'Fd_PnPMcbrQ^T j p�F�sRn]O8FrXL_PQ^F Q^TVFrQ^F kJF�_PQ^[]\GE�p�Z�td\NQ^T j Q^Z Q n-n]TYMPb � TYQ j Q^[]p�Z p�Z Q^TVFrQ^F$�'Fd_ �
nPMcbrQ^T j p�F�sRn]\GE�p�Z bGE�F j Q^WV_xv

SUTYQJHlXLFrn]_][]p�O8_]TYXLF Q^TVFrQ n �'F�_PnPMPbrQ^T j p�F�sRnP\GE�p�Z�Q nJQ^[ giXLWVs|_-\NQ^TH\^SrvAV�%�\
Q^[>Q^TVFrQ [PQ^O8p�[Pn]TVmRQ � � Q^TVWYQ �
p�F j �fDUQ^[][PnPMPbrQ���� ��_][cE�_PQ^s|TYQ|v �8Q^TYQ^F

C = {C1, C2, . . .}
j TYQC�?Q^F�sRQ j Q^[ H+W ELnPnPQ^F p�F j

T
Q^TVFrQ

�?Q^F�sRQ mRXLF � [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQ^F v ��n-s|TV\�_%TVF�Q^TVFrQ^Z �8MPb�[]TV_]_ �5o�b�[PQ^F j j Q^[-HlXLFrn]_][]p�O8_]TYXLF Q^TVFrQ n
�'F�_PnPMPbrQ^T j p�F�sRnP\GE�p�Z�Q n j [PQ^T Z�ILs|WVTYMPbrQ ��TV_]pGE�_]TYXLFrQ^F �

• T
Q^Fd_]bGo�WV_lQ^TVF�X j Q^[ Z�Q^b�[PQ^[PQ�">Q^TYn]K�TYQ^WYQ|t j TYQqE�WVWYQ!w p�Q^TVFrQ^[JH+W ELnPncQ

Cj
sRQ^brIL[PQ^F �

SUQ^[���Fd_PnPMcbrQ^T j p�F�sRn]\GE�p�Z g %�[
T
TYn]_ Q^TVF "-W E�_]_xt j ELn j TYQ3H+W ELnPnPQ

Cj

mRXL[]brQ^[PncE�s|_xv

• T
TYn]_ WYQ Q^[xtrQ^Fd_]bGo�WV_+E�WYnPX�ORQ^TVFrQ�">Q^TYn]K�TYQ^WYQ �

SUQ^[��'F�_PnPMPbrQ^T j p�F�sRn]\GE�p�Z TYn]_lQ^TVF "5W E�_]_xt j ELn j TYQqbGo�p�_rsRnP_PQ H+W ELncnPQ3TVF�nPQ^TVFrQ^Z �'WV_PQ^[]F�Od�
FrXL_PQ^F�mRXL[]brQ^[PncE�s|_xv

• T
Q^Fd_]bGo�WV_ ">Q^TYn]K�TYQ^WYQyE�prn mRQ^[PnPMPb�TYQ j Q^FrQ^F?H+W ELnPnPQ^F �

E+Q^Z)o � j Q ncE!E�TVFh� vlE�_]TYX��fH+[]TV_PQ^[]TVp�Z � TV[ j j Q^[B\
Q n]_PQ  >_]_][]TV\�p�_]_PQ n]_ E�prn]sRQ �5o�b�WV_xv ��Q^F�F
j TYQ nPQ^[!��Q n]_ j TYQ j TYn � p�F�O�_PQ^F  Jprn]sdo�F�sRQ {O1, O2, . . . , On}

bGE�_xt � TV[ j
T
nPXCTVF j TYn � p�F�Od�

_PQ � Q^TVWVZ�Q^F�sRQ^F
T1, T2, . . . , Tn

KGE�[]_]TV_]TYXLF�TYQ^[]_xt j ELncn�� Q^TVWVZ�Q^F�sRQ
Ti

E�WVWYQ "5Q^TYnPK�TYQ^WYQ�E�prn
TQ^Fd_]bGo�WV_xt j TYQ+\NQ^T j Q^Z sRQ �5o�b�WV_PQ^F	 >_]_][]TV\�p�_]_PQ n]_ j Q^F  Jprn]sdE�F�s

Oi
bGE�\
Q^F v�S+Q^[��'F�_PnPMPbrQ^T �

j p�F�sRn]\GE�p�Z g %�[
T
TYn]_ j E�F�F�Q^TVF �'Fd_PncMPbrQ^T j p�F�sRn]O8FrXL_PQ^F t E�F j Q^Z j Q^[ E�prn]sRQ �5o�b�WV_PQ�� Q n]_

E�prn]w phg %�b�[PQ^F/TYn]_ p�F j�j Q^[ g&%�[ �]Q j Q^F	 lprn]sdE�F�s j Q n ��Q n]_Pn sRQ^FGE�p/Q^TVFrQ^F/klFd_PQ^[]\GE�p�Z bGE�_xv
SlTYQ ncQ-�'[PXLwxQ j p�[ � TV[ j [PQ^O8p�[Pn]TVmyE�phg �]Q j Q j Q^[ ��Q^TVWVZ�Q^F�sRQ^F�mRXLF

T
E�F�sRQ �5E�F j _xtdnPX j ELncn j Q^[

i
��_PQ *��-Q^TVs j Q n3ORXLFrnP_][]p�TYQ^[]_PQ^F ��Fd_PnPMcbrQ^T j p�F�sRn]O�FrXL_PQ^Frn�w p Q^TVFrQ^Z �'F�_PnPMPbrQ^T j p�F�sRnP\GE�p�Z
g %�[ j TYQ���Q^TVWVZ�Q^F�sRQ

Ti
g&%�b�[]_xv

* p�[  Jprn��>E�b�W j Q n � Q �5Q^TVWYn%\NQ n]_PQ^F$ >_]_][]TV\�p�_PQ n E�F Q^TVFrQ^Z \NQ n]_]TVZBZq_PQ^F H+FrXL_PQ^F�mRQ^[��5Q^F j Q^_ \^SrvAV
j ELn3��E �

GainRatio
v E+Q^Z)o � j Q^[3efFhgiXL[]Z)E�_]TYXLFrn]_]brQ XL[]TYQ�s|TVWV_xt j ELnPn j TYQ�mRXLF�Q^TVFrQ^[ X+ELMPb�[]TYMcbd_

%�\NQ^[]_][cE�sRQ^FrQ efFhgiXL[]Z)E�_]TYXLF mRXLF j Q^[ ��E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_ j Q n  Jphg _][PQ^_PQ^Frn j TYQ ncQ^[ X+ELMPb�[]TYMcbd_
Pr(m)

E�\�bGo�F�s|_ p�F j TVF "-TV_PnJsRQ^Z�Q nPnPQ^F �5Q^[ j Q^FCO|E�F�F �

− log2 Pr(m)
\�TV_Pn �izhv z|z
�

�8Q^T
X
Q^TVF�Z�ILs|WVTYMPbrQ^[  >_]_][]TV\�p�_]_PQ n]_5ZBTV_

n
 lprn]sdo�F�sRQ^F t j Q^[ j TYQ � [cE�TVF�TVF�sRn]Z�Q^F�sRQ

T
TVF j TYQ � Q^TVW �

Z�Q^F�sRQ^F
T1, T2, . . . , Tn

KGE�[]_]TV_]TYXLF�TYQ^[]_xv
�8Q^T
freq(Cj, T )

j TYQ� lF�w#E�b�W j Q^[�� [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQ!TVF
T
t j TYQ+w p�[ H+W ELnPnPQ

Cj

sRQ^brIL[PQ^F<p�F j nPQ^T |T | j TYQ  lF�w#E�b�W j Q^['">Q^TYn]K�TYQ^WYQ+TVF T
vhSlTYQ ��E�b�[PnPMcbrQ^TVFh�

WVTYMcb�ORQ^TV_xt j ELnPn Q^TVF�w phg�o�WVWVTVs�E�prn]sRQ �>o�b�WV_PQ n ">Q^TYn]K�TYQ^W TVF j TYQ3H+W ELnPnPQ
Cj

sRQ^brIL[]_ \
Q^_][co�s|_(�
freq(Cj, T )

|T |
�izhv z|}
�

SUTYQ nPQ X+ELMPb�[]TYMcbd_UWVTYQ g Q^[]_ Q^TVFrQ3e FhgiXL[]Z)E�_]TYXLF�mRXLF �

− log2

freq(Cj, T )

|T |
\�TV_Pn �izhv z;S �
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kJZ j TYQ�Q^[��>E�[]_PQ^_PQ�e Fhg XL[]Z)E�_]TYXLF Q^TVFrQ^[CncXLWYMPbrQ^F X+ELMPb�[]TYMcbd_	%�\NQ^[ j TYQ4H+W ELnPnPQ^F�w p�sRQ^brIL[]TVs|ORQ^TV_
Q^TVFrQ n�w phg�o�WVWVTVs E�prn j Q^[-�/Q^F�sRQ

T
sRQ �5o�b�WV_PQ^F "5Q^TYnPK�TYQ^WYn�w p)\NQ^[PQ MPb�FrQ^F td\�TVW j Q^_%Z)E�F j TYQ'%�\
Q^[ j TYQ

H+W ELnPnPQ^F�bGo�p�_rs|ORQ^TV_PQ^F sRQ � TYMcbd_PQ^_PQ/��p�ZBZ�Q j Q^[Be Fhg XL[]Z)E�_]TYXLFrn]Z�Q^F�sRQ^F mRXLFFX+ELMPb�[]TYMcbd_PQ^F %�\NQ^[
j TYQ * p�sRQ^brIL[]TVs|ORQ^TV_lw p�Q^TVF�wxQ^WVFrQ^F?H+W ELnPnPQ^F �

Info(T ) = −
∑

Cj∈C

freq(Cj, T )

|T | · log2

freq(Cj, T )

|T |
\�TV_Pn �izhv z V
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SlTYQ ncQ!efFhgiXL[]Z)E�_]TYXLFrn]Z�Q^F�sRQ�� TV[ j E�prMPb/E�WYn�� 6�,-*?�;H �2( j Q^[ �?Q^F�sRQ
T
\NQ^wxQ^TYMPb�FrQ^_xv�X+ELMPb j Q^Z j TYQ

"5Q^TYnPK�TYQ^WVZ�Q^F�sRQ
T
Q^Fd_Pn]K�[PQ McbrQ^F j/j Q^[

n
 lprn]sdo�F�sRQ j Q n  >_]_][]TV\�p�_]_PQ n]_Pn

C
KGE�[]_]TV_]TYXLF�TYQ^[]_ �-XL[ j Q^F

TYn]_xt�Q^[]s|TV\�_Jn]TYMcb j TYQ!Q^[��5E�[]_]p�F�sRn]sRQ^Z)o � \NQ^FrIL_]TVs|_PQ3e Fhg XL[]Z)E�_]TYXLF � TYQ!g XLWVs|_(�

InfoX(T ) =
n
∑

i=1

|Ti|
|T | · Info(Ti)
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SlTYQ j p�[PMPb j TYQ���E�[]_]TV_]TYXLF�TYQ^[]p�F�s�mRXLF
T
j p�[PMPb j Q^F  >_]_][]TV\�p�_]_PQ n]_!sRQ �5XLF�FrQ^FrQBefFhgiXL[]Z)E�_]TYXLF�TYn]_

� TYQUg XLWVs|_ Z�Q ncn]\GE�[(�

IG(X) = Info(T ) − InfoX(T )
�izhv zKu �

SlTYQ ncQ n��?E ��Q^[ g�ELnPn]_ j Q^F e FhgiXL[]Z)E�_]TYXLFrn]sRQ � TVF�F t j Q^[ j p�[PMcb j TYQ (�Q^[��5Q^F j p�F�s mRXLF
X

Q^[]w TYQ^WV_
� TV[ j v���n � TV[ j E�WYn B 6��9� *�
 . , �3� 6�� .�� 6�\
Q^wxQ^TYMcb�FrQ^_xvLefFhgiXL[]Z)E�_]TYXLF E3E�TVFy\NQ^mRXL[]w p�s|_  >_]_][]TV\�p�_]_PQ nP_Pn
ZBTV_�nPQ^b�[ m�TYQ^WYQ^F JprnPsdo�F�sRQ^F v�e F��/.h_][PQ^Z�g�E�WVW�t �5Q^F�F Q^TVF� >_]_][]TV\�p�_ j TYQ%�?Q^F�sRQ

T
nPX KGE�[]_]TV_]TYXLF�TYQ^[]_xt

j ELnPn��]Q j Q n Q^TVF�wxQ^WVFrQ�">Q^TYn]K�TYQ^WhE�prn
T
Q^TVFrQ-Q^TVsRQ^FrQ�� Q^TVWVZ�Q^F�sRQ-\�TVW j Q^_xtxTYnP_ j Q^[ e Fhg XL[]Z)E�_]TYXLFrn]sRQ � TVF�F

sRQ^Z)o � j Q^Z efFhgiXL[]Z)E�_]TYXLF E3E�TVF Z)E�.hTVZ)E�W�v-klZ j TYQ ncQ^F `GE�WVWUw p mRQ^[]Z�Q^T j Q^F t � TV[ j j ELn���E �
SplitInfo(T )

Q^TVF�sRQ g %�b�[]_xv ��nUZBTYnPnP_ j TYQ efFhgiXL[]Z)E�_]TYXLF t j TYQ j p�[PMcb4� E�[]_]TV_]TYXLF�TYQ^[]p�F�sCQ^[+�?Q^F�sRQ
T
TVF

n
� Q^TVWVZ�Q^F�sRQ^FCsRQ^Z)o �

X
Q^Fd_PnP_PQ^bd_(�

SplitInfo(T ) = −
∑

Cj∈C

|Ti|
|T | · log2

|Ti|
|T |

\�TV_Pn �izhv z l �

S+ELn>��E � E3E�TVFJvUE�_]TYXLF \
Q^[PQ Mcb�FrQ^_ j Q^F<e Fhg XL[]Z)E�_]TYXLFrnPsRQ � TVF�F�Q^TVFrQ n' >_]_][]TV\�p�_PQ nJE�WYn (�Q^[]bGo�WV_]F�TYn
w � TYnPMPbrQ^F j Q^Z efFhgiXL[]Z)E�_]TYXLF E!E�TVF�p�F jCj Q^[l��K�WVTV_PefFhgiXJ�

GainRatio(X) =
IG(X)

SplitInfo(X)
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S+ELn �'F�_ j Q MPORQ^F�mRXLF  UnPnPXLw T E�_]TYXLFrn][PQ^sRQ^WVF TYn]_>Q^TVFrQ j Q^[>\
Q^O|E�F�Fd_PQ n]_PQ^F j Q n]O8[]TVK�_]TVmRQ^F T Q^[]FGE�phg sdE1�
\
Q^F v|SUTYQiT Q^[]FGE�phg sdE�\
Q O|E�F�F�giXLWVsRQ^F j Q^[]Z)E �RQ^F j Q
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�5Q^TV_PQ^[]b�TVF
suppmin ∈ [0, 1]

Q^TVFrQJ\
Q^F�p�_]wxQ^[ j Q
_rF�TYQ^[]_PQ!�CTVF�TVZ)E�WVbGo�p�_rs|ORQ^TV_5p�F j
confmin ∈ [0, 1]Q^TVFrQy\
Q^F�p�_]wxQ^[ j Q
_rF�TYQ^[]_PQ��/TVF�TVZ)E�WVORXLF�_ j Q^F�wRv S!E�F�F�nPTVF j E�WVWYQ vJQ^sRQ^WVF j Q^[+`rXL[]Z

X → Y
ZBTV_

X ⊆ I t Y ⊆ I p�F j X ∩ Y = ∅ w p _rF j Q^F thg&%�[ j TYQ!s|TVWV_(�

supp(X → Y ) :=
|{t ∈ T | X ∪ Y ⊆ t}|

|T | ≥ suppmin
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|{t ∈ T | X ∪ Y ⊆ t}|
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j TYQB�?Q^F�sRQ j Q^[�� [cE�TVF�TVF�sRn j E�_PQ^F \
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wxQ^TYMcb�FrQ^_xv���n�nPXLWVWYQ^F j TYQ �]Q^F�TVsRQ^F vlQ^sRQ^WVF E�prn
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C
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SUTYQJvJQ^K�[coLnPQ^F�_cE�_]TYXLF mRXLF#">Q^TYn]K�TYQ^WYQ^F p�F j DOZ8KNXL_]brQ nPQ^F bGE�_�Q^TVFrQ^F Q^F�_PnPMPbrQ^T j Q^F j Q^F �'TVF��rprnPn
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S+ELn��<Zhn]_PQ^Z \
Q n]_PQ^b�_�E�prn'Q^TVFrQ^Z \5XLZBK�TVWYQ^['p�F j Q^TVFrQ^[�s|[cE�_GnPMcbrQ^F "5Q^F�p�_]wxQ^[PXL\
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QJp�F j `rp�F�O�_]TYXLF j Q n
�/Q^_cE�Z�X j Q^WVWYnxt j Q n^\5XLZBK�TVWYQ^[Pn-p�F j�j Q^[ ��Q^\�K�W E�_]_ giXL[]Z �5Q^[ j Q^F�TVZ giXLWVsRQ^F j Q^F)FGo�brQ^[-Q^[]W o�p�_PQ^[]_xv

 l\�\�TVW j p�F�scSrv D v ��"J\NQ^[]\�WVTYMPO %�\
Q^[ j ELn �CTVF�TVF�s��?E�[]_l�<Zhn]_PQ^Z

z|z



� � ��� �+������� ��	�� � ��� �����
	�� � 	 ���

� ' +H',+H' � ��� F �  �"2D5 � F �95�2 �LC#A6F-2 � �6F-2 B�� 2N5 ��F �95�2 �
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� p�[ j Q^F v S!ELn j p�[PMPb j TYQBQ^[ giXLWVs|_PQBH+W ELnPn]T9_rO|E�_]TYXLF�sRQ �-XLF�FrQ^FrQ � TYnPncQ^F t O|E�F�F j E�w p4mRQ^[��-Q^F j Q^_
�5Q^[ j Q^F t|H+p�F j Q^FBw pyT j Q^F�_]T9_rw TYQ^[PQ^F t j Q^[PQ^F (�Q^[]_][co�sRQ>[�%rMPO8OLE�phg sRQ g�o�b�[ j Q^_�n]TVF j vLSlTYQ n�Q^[]Z�ILs|WVTYMcbd_
Q nxt1�?E�[]ORQ^_]TVF�sRnP_][cE�_PQ^s|TYQ^FBw p Q^F�_ � TYMPORQ^WVF t j Q^F v %rMPO8OLE�phgrw p mRQ^[]b�TVF j Q^[]F�p�F jyj TYQ-TVZ ">Q j E�[ gin g�E�WVW

z|u
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FrXL_ �-Q^F j TVsRQ^Ff_rFGE�F�w TYQ^WVWYQ^Ffv %rMPO8W E�sRQ^F�w p�\NQ^[PQ MPb�FrQ^F v

� � � � � ��� � � � � �

SlTYQ w p�[ (�Q^[ g&%�s|p�F�s�sRQ n]_PQ^WVWV_PQ^F�S!E�_PQ^F�n]TVF j TVF�Q^TVFrQ^[]o�v  O\ T ���fS!E�_PQ^Fd\GE�F�O4sRQ nPK
Q^TYMcbrQ^[]_xv ��TYQ
n]_PQ^WVWV_ Q^TVFrQ^F	 JprnPw p�sBE�prn j Q^ZaS+E�_cE��5E�[PQ^brXLprnPQqmRXLF/� � TYnPn T T giQ j E�[xv * p�[ S!E�_PQ^Fd\GE�F�O sRQ^brIL[PQ^F
TVFrn]sRQ ncE�Zq_ D z ��E�\NQ^WVWYQ^F t j TYQ %�\NQ^[ D VfvJQ^W E�_]TYXLFrQ^F ZBTV_PQ^TVFGE�F j Q^[BmRQ^[]O8F %�Khg _�nPTVF j v  l\�\�TVW j p�F�s
Vhv D s|TV\�_ Q^TVFrQ^F "J\NQ^[]\�WVTYMPO$%�\
Q^[ j ELn>S!E�_PQ^Fd\GE�F�OhnPMPbrQ^Z)EhvrS!ELn E�\�sRQ^\�TVW j Q^_PQ!S!E�_PQ^Fd\GE�F�OhnPMPbrQ^Z)E
TYn]_+mRQ^[]s|WYQ^TYMPbd\GE�[ ZBTV_ j Q^Z TVF 	 
 �< ��� �4Q^_lE�W�v D u|u l ��\NQ nPMPb�[]TYQ^\NQ^FrQ^F �8McbrQ^Z)Ehv S+XL[]_�� TV[ j4j ELn
S+E�_cE��5E�[PQ^brXLprnPQymRXLF/� � TYnPn T T g Q!mRXL[]sRQ nP_PQ^WVWV_xv

efF j Q^[�� E�\
Q^WVWYQ��@o%$ (+( ��v � nPTVF j4j TYQ (�Q^[]_][co�sRQ�sRQ n]KNQ^TYMPbrQ^[]_xv SUTYQ � E�\
Q^WVWYQ�bGE�_qz|}C��KGE�WV_PQ^F
p�F j D S)W|uBuKu l *
Q^TVWYQ^F v�� E�\
Q^WVWYQ Vhv D s|TV\�_JQ^TVFrQ^F "l\
Q^[]\�WVTYMcO %�\NQ^[ j TYQ� >_]_][]TV\�p�_PQ j TYQ ncQ^[ ��E�\NQ^WVWYQ
p�F j Q^[]W o�p�_PQ^[]_JTVb�[PQ�">Q j Q^p�_]p�F�srv

l uhvAV�� E�WVWYQ^[ (�Q^[]_][co�sRQqn]TVF j H3E�K�TV_cE�WVWYQ^\NQ^Frn]mRQ^[Pn]TYMcbrQ^[]p�F�sRQ^F t��-Q^TV_PQ^[PQ9(�Q^[PnPTYMPbrQ^[]p�F�sRncE�[]_PQ^F�n]TVF j �
vJQ^Fd_PQ^F�mRQ^[Pn]TYMPbrQ^[]p�F�sRQ^F��i}hv l � � trH+[cE�F�ORQ^F�mRQ^[Pn]TYMPbrQ^[]p�F�sRQ^F �i{hvAW�� � t �'[��-Q^[]\rn]p�Fhg�o�b�TVs|ORQ^TV_Pn]mRQ^[Pn]T �
MPbrQ^[]p�F�sRQ^F �izhvAV�� �>p�F j `rXLF j n]sRQ^\�p�F j Q^FrQ T Q^\NQ^Frn]mRQ^[Pn]TYMPbrQ^[]p�F�sRQ^F#�i}hvAW�� � v

�'TVFCQ^TVF�wxQ^WVFrQ^[ (�Q^[]_][cE�s�\
Q nP_PQ^bd_lE�prnlQ^TVFrQ^Z X j Q^[JZ�Q^b�[PQ^[PQ^F=(�Q^[]_][cE�sRn]_PQ^TVWYQ^F t j Q^FCnPXLsRQ^FGE�F�F�_PQ^F
��E�[]T g ORXLZBK
XLFrQ^F�_PQ^F v e F j Q^F ��E�[]T g ORXLZBK
XLFrQ^F�_PQ^F �-Q^[ j Q^F j TYQ!ORXLF�O8[PQ^_PQ^F8(�Q^[]_][cE�sRn]ORXLF j TV_]TYXLFrQ^F
g Q n]_]sRQ^WYQ^s|_xv * p�Q^TVFrQ^Z (�Q^[]_][cE�sCsRQ^brIL[PQ^F j p�[PMPbrnPMcb�F�TV_]_]WVTYMPb w �-Q^T ��E�[]T g ORXLZBK
XLFrQ^F�_PQ^F v���TYQ�n]TVF j
TVF j Q^[ S+E�_PQ^F�\GE�F�O TVF j Q^[���E�\NQ^WVWYQ3� o%$�� `�H oU�?� E�\�sRQ^WYQ^s|_xv SlTYQ ncQ ��E�\NQ^WVWYQ+bGE�_l} D ��KGE�WV_PQ^F
p�F j z D u;S l z V vJQ^TVbrQ^F v

SlTYQ ��E�\NQ^WVWYQ+� o%$ �� �v � Q^F�_]bGo�WV_ efFhgiXL[]Z)E�_]TYXLFrQ^F %�\
Q^[ (�Q^[Pn]TYMcbrQ^[]p�F�sRn]_PQ^TVWVFrQ^b�Z�Q^[xv
� � TYnPniT T giQ
\
Q^wxQ^TYMcb�FrQ^_5E�WVWYQ (�Q^[Pn]TYMcbrQ^[]p�F�sRn]_PQ^TVWVFrQ^b�Z�Q^[ E�WYn�� E�[]_]FrQ^[xv8SUTYQ � E�[]_]FrQ^[ �-Q^[ j Q^F %�\
Q^[ vlXLWVWYQ^F j Q^F
(�Q^[Pn]TYMPbrQ^[]p�F�sRn]mRQ^[]_][co�sRQ^F4w p�sRQ XL[ j FrQ^_xv ��n � TV[ j w � TYnPMPbrQ^F�m8TYQ^[  l[]_PQ^F/mRXLF vJXLWVWYQ^F?p�Fd_PQ^[PnPMcb�TYQ �
j Q^F �

• (�Q^[Pn]TYMPbrQ^[]p�F�sRnPFrQ^b�Z�Q^[
S+Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�sRnPFrQ^b�Z�Q^[lTYn]_ j Q^[l� E�[]_]FrQ^[xt j Q^[ ZBTV_ j Q^Z (�Q^[Pn]TYMPbrQ^[]p�F�sRnPp�Fd_PQ^[]FrQ^b�Z�Q^F
j Q^F8(�Q^[Pn]TYMcbrQ^[]p�F�sRn]mRQ^[]_][cE�s<E�\rnPMPb�WVTYnPnP_xv

• (�Q^[Pn]TYMPbrQ^[]_PQy��Q^[PncXLF
SUTYQ4(�Q^[PnPTYMPbrQ^[]_PQ ��Q^[PncXLF TYn]_ j Q^[�� E�[]_]FrQ^[xt�E�phg j Q nPnPQ^F v TYn]TVORX j TYQ4(�Q^[Pn]TYMcbrQ^[]p�F�s�E�\�sRQ �
nPMcb�WYX|nPnPQ^F � p�[ j Q|v

• �'[co�ZBTYQ^F�w#E�b�WYQ^[
S+Q^[ �'[co�ZBTYQ^F�w#E�b�WYQ^[UTYn]_ j Q^[J��E�[]_]FrQ^[xt j Q^[ j TYQ3��[co�ZBTYQ^FC\NQ^w#E�b�WV_xv

}|{
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 J\�\�TVW j p�F�sJVhv D v �rS!E�_PQ^Fd\GE�F�OhnPMPbrQ^Z)E

} D
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� E�\
Q^WVWYQ Vhv D v � ">Q nPMPb�[PQ^TV\�p�F�s j Q^[� >_]_][]TV\�p�_PQ3TVF j Q^[�� E�\�WVWYQq�@o%$ ( (���v �
}|z
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 J\�\�TVW j p�F�s Vhv zhv �� JprnPw p�s j Q^[ ��E�\NQ^WVWYQ3�@o%$ ( (���v �

• ">Q^s %�Frn]_]TVs|_PQ^[
SUQ^[ "5Q^s %�FrnP_]TVs|_PQ TYn]_ j Q^[%��E�[]_]FrQ^[xt j Q^[%\
Q^TG`'o�WVWVTVs|ORQ^TV_ j TYQ (�Q^[Pn]TYMPbrQ^[]p�F�sRnPWYQ^TYn]_]p�F�s Q^[]bGo�WV_xv

(�Q^[PnPMcb�TYQ j Q^FrQ)��E�[]_]FrQ^[3ORILF�FrQ^F�TVZ vUE�b�Z�Q^F�Q^TVFrQ n (�Q^[]_][cE�sRQ n j TYQ�s|WYQ^TYMcbrQcvlXLWVWYQ�E�prn�%�\
Q^F t ncX
O|E�F�F�Q n�wRv "+v|w �-Q^T ">Q^s %�Frn]_]TVs|_PQ sRQ^\
Q^F v �'\NQ^FrnPX!O|E�F�F�Q^TVFBp�F j�j Q^[PnPQ^WV\NQ ��E�[]_]FrQ^[%Z�Q^b�[PQ^[PQ vlXLW �
WYQ^F TVF�FrQ^bGE�\
Q^F v ��TVFrQU� Q^[PnPXLF O|E�F�F�wRv "+v (�Q^[Pn]TYMPbrQ^[]p�F�sRnPFrQ^b�Z�Q^[ p�F j �'[co�ZBTYQ^F�w#E�b�WYQ^[ nPQ^TVF vhSUTYQ
* prXL[ j F�p�F�syw � TYnPMcbrQ^F j Q^F)��E�[]_]FrQ^[]F t j Q^FcvJXLWVWYQ^F�p�F j)j Q^F4(�Q^[]_][co�sRQ^F)sRQ ncMPb�TYQ^bd_5ZBTV_%DlTVW g Q j Q^[
� E�\
Q^WVWYQU� o%$ �� �vOv o�T�v8DUE�F j Q^WV_>Q n-nPTYMPb \
Q^T
Q^TVFrQ^Z ��E�[]_]FrQ^[>p�Z j TYQ (�Q^[Pn]TYMPbrQ^[]_PQ+� Q^[PnPXLF t�ncX
Q^F�_]bGo�WV_ j TYQ ��E�\NQ^WVWYQl�@o%$�� `8v o�T�e Fhg XL[]Z)E�_]TYXLFrQ^F %�\NQ^[ j TYQ TVb�[-w p�sRQ^_PQ^TVWV_PQ^F ��E�[]T g ORXLZBK
XLFrQ^Fh�
_PQ^F v

SUTYQ  >_]_][]TV\�p�_PQ mRXLF (�Q^[]_][co�sRQ^F t ��E�[]T g ORXLZBK
XLFrQ^F�_PQ^F p�F j vJXLWVWYQ^F ORILF�FrQ^F �5o�b�[PQ^F j j Q^[ (�Q^[ �
_][cE�sRn]W E�phg wxQ^TV_5sRQxo�F j Q^[]_ �5Q^[ j Q^F vhkJZ Z�ILs|WVTYMPbrQ��JF j Q^[]p�F�sRQ^F FGELMcb�bGE�WV_PQ^F<w p)ORILF�FrQ^F thn]TVF j)j TYQ
� p�K
Q^W j Q^[ � E�\
Q^WVWYQ^F4�@o%$�� ` H oU�?� t
�@o%$ (+( ��v � p�F j �@o%$ �� �vOv o�T wxQ^TV_]WVTYMPb�sRQ n]_PQ^Z��
KNQ^WV_xvde F E�WVWYQ^F j [PQ^T�� E�\
Q^WVWYQ^F s|TV\�_>Q n �]Q �-Q^TVWYn5w �5Q^T� >_]_][]TV\�p�_PQ|t j TYQ j Q^F E %�WV_]TVs|ORQ^TV_PnPwxQ^TV_][cE�p�ZaQ^T �
FrQ n � p�KNQ^WYn5E�F�sRQ^\NQ^F v 5RQ j Q n � p�KNQ^W TVF � o%$�� `�H oU�?��th�@o%$ ( (���v � \�w �3v��@o%$ �� �vOv o�T
[PQ^K�[coLnPQ^F�_]TYQ^[]_%nPXLZBTV_�Q^TVFrQ^F * prn]_cE�F j Q^TVFrQ^[ � E�[]T g�ORXLZBKNXLFrQ^Fd_PQ|t�Q^TVFrQ n (�Q^[]_][cE�sRQ n'\�w �3v|Q^TVFrQ^[�vlXLW �
WYQ|v * p Q^TVFrQ^Z (�Q^[]_][cE�srt5Q^TVFrQ^[ ��E�[]T g ORXLZBK
XLFrQ^F�_PQ�X j Q^[ Q^TVFrQ^[cvJXLWVWYQ<sRQ^brIL[PQ^F Z�Q^b�[PQ^[PQ	� p�K
Q^W
TVF j Q^[�Q^F�_Pn]K�[PQ MPbrQ^F j Q^F�� E�\
Q^WVWYQ|v � E�\
Q^WVWYQ �@o%$ ( (���v � Q^Fd_]bGo�WV_ g %�[ � Q j Q^F (�Q^[]_][cE�s j p�[PMPbh�
nPMcb�F�TV_]_]WVTYMPb nPQ MPbrn � p�KNQ^Wrp�F j ��E�\NQ^WVWYQ �@o%$�� `�H oU�/� Q^Fd_]bGo�WV_%g %�[ �]Q j Q'��E�[]T g ORXLZBK
XLFrQ^F�_PQUTVZ
SUp�[PMPbrncMPb�F�TV_]_Jm8TYQ^[�� p�KNQ^W�v

}|}
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 J\�\�TVW j p�F�ssVhv z mRQ^[ j Q^p�_]WVTYMcbd_ j ELn!��[]TVF�w TVK j Q^[�� p�KNQ^WVwxQ^TV_Pn]_PQ^ZBKNQ^WVp�F�s/E�F�bGE�F j Q^TVFrQ n  lprn]w p�sRn
j Q^[ ��E�\NQ^WVWYQy�@o%$ (+( ��v �!v SlTYQ� >_]_][]TV\�p�_PQ (+( � e (po�X p�F j ( ( � e ">e ��sRQ^\NQ^F j Q^F@E %�WV_]TVsL�
ORQ^TV_Pn]wxQ^TV_][cE�p�Z Q^TVFrQ n � p�K
Q^WYn E�F v�S!E�[�%�\
Q^[)b�TVFGE�prn j XLO8p�Z�Q^Fd_]TYQ^[]_ j ELn  >_]_][]TV\�p�_ j Q^F � [cE�Frn �
E�O�_]TYXLFrn]wxQ^TV_]K�p�F�O8_xt j v b v j Q^F *
Q^TV_]K�p�F�O�_�w p j Q^Z Q^TVFrQ �JF j Q^[]p�F�s � �Cp�_cE�_]TYXLF�� j p�[PMPb�sRQ g&%�b�[]_
� p�[ j Q|v S!ELn  >_]_][]TV\�p�_ (+(  ��XUS� pv � Q^[]W o�p�_PQ^[]_ j Q^F�E+[]p�F j g %�[ �]Q j Q j p�[PMPb�sRQ g&%�b�[]_PQ��lF j Q �
[]p�F�srv�SUTYQ E+[�%�F j Q�n]TVF j j p�[PMPbFXlp�ZBZ�Q^[]F ORX j TYQ^[]_xv  lF�bGE�F j j Q^[! l\�\�TVW j p�F�s � TV[ j j TYQ��/ph�
_cE�_]TYXLFrn]sRQ nPMPb�TYMcbd_PQ)w �-Q^TYQ^[9(�Q^[]_][co�sRQ j E�[]sRQ nP_PQ^WVWV_xv kJZ j TYQ�� p�K
Q^W j Q^[!\NQ^T j Q^F�(�Q^[]_][co�sRQB\NQ nPnPQ^[
mRXLFrQ^TVFGE�F j Q^[qp�Fd_PQ^[PncMPbrQ^T j Q^F w p�ORILF�FrQ^F t nPTVF j�j TYQ � p�KNQ^W%TVF j Q^[� J\�\�TVW j p�F�s/p�Fd_PQ^[PnPMcb�TYQ j WVTYMPb
giE�[]\�WVTYMcb?Z)E�[]O8TYQ^[]_xv  JWVWYQ�� p�K
Q^W g&%�[ j Q^F (�Q^[]_][cE�s ZBTV_ j Q^[+(�Q^[PnPTYMPbrQ^[]p�F�sRn]F�p�ZBZ�Q^[ D W;Sdz|} n]TVF j
_�%�[]O�TYn5b�TVFd_PQ^[]WYQ^s|_ p�F j E�WVWYQ�� p�KNQ^WGg&%�[ j Q^F (�Q^[]_][cE�s�ZBTV_ j Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�sRn]F�p�ZBZ�Q^[pV|{ D W n]TVF j
m�TYXLWYQ^_]_>b�TVFd_PQ^[]WYQ^s|_xvG` %�[>\NQ^T j Q+(�Q^[]_][co�sRQ!Q7.8TYn]_]TYQ^[PQ^F�ncQ MPbrn'�'TVF�_][co�sRQ!TVF j Q^[ � E�\
Q^WVWYQ|t j v b vh\NQ^T j Q
(�Q^[]_][co�sRQ � p�[ j Q^F�g&%�Fhg�Z)E�W sRQxo�F j Q^[]_xv

� '*&(',+-'�365 �95�0  5�0  �9E�2 ��0�	?2 � ��9E ��
%5�2 �"F-2 B�. �95�2 �

SlTYQ!S!E�_PQ^FCnPTVF j<j p�[PMPb�giXLWVsRQ^F j Q3n]_cE�_]TYnP_]TYnPMPbrQ���TVsRQ^FrnPMPbGE1g _PQ^FCsRQ^ORQ^F�F�wxQ^TYMcb�FrQ^_(�

• � �d �R�d�#�x� � �d1�x��� � �*�*1 #?&A.G� � ��,", �h�x�7
v�%rMcO�O|E�phg \
Q^_][]T9RN_qF�p�[ u8v3u � E�WVWYQ^[ (�Q^[]_][co�sRQ|v SUTYQ%(�Q^[]_PQ^TVWVp�F�s j Q^[q[�%rMPO8sRQ^O|E�phg�_PQ^F (�Q^[ �
_][co�sRQ!O|E�F�F<Z)E�F�TVZ ��TVF�FrQ!mRXLF
	�� % Q^_JE�W�vGz|{|{ D ��E�WYn mRQ^[]wxQ^[][]_PQ9(�Q^[]_PQ^TVWVp�F�s)\NQ^wxQ^TYMPb�FrQ^F v

• � �I- �2,�� 	��)�*&#��� ���r���d U�'1G�+�2&A- ��� ���(&x��r� 	e Frn]sRQ ncE�Zq_Js|TV\�_ Q n D D[l  >_]_][]TV\�p�_PQ|v���Q^F�FCZ)E�F j TYQ���Q^[]_PQ j Q^[ FrXLZBTVFGE�WYQ^F  >_]_][]TV\�p�_PQ3TVF
w prnco�_]w WVTYMcbrQJ\�TVFGo�[PQ  >_]_][]TV\�p�_PQJ_][cE�Frn giXL[]ZBTYQ^[PQ^F �'%�[ j Q|t
�'%�[ j Q Z)E�F z D[l�D Sd{ D  >_]_][]TV\�p�_PQ
Q^[]bGE�WV_PQ^F vde F)nPX!Q^TVFrQ^Z brX�Mcb j TVZ�Q^Frn]TYXLFGE�WYQ^F �'TVsRQ^FrnPMPbGE1g _Pn][cE�p�Z mRQ^[PncE�sRQ^F��?Q^_]brX j Q^F j Q^[
m8TYn]prQ^WVWYQ^FCS!E�_PQ^F�TVFrn]KNQ^O�_]TYXLF�p�F j n]_cE�_]TYn]_]TYnPMcbrQ3�/Q^_]brX j Q^F v

• � ����L���'- � ���)&x�R���R�x� +�'1G�)�*&(- � � �f�(&�� �).N�x�G��)�� %�[ j QqZ)E�F j TYQ! lprn]K�[co�s|p�F�sRQ^F�E�WVWYQ^[  >_]_][]TV\�p�_PQ TVF?\�TVFGo�[PQ! >_]_][]TV\�p�_PQy_][cE�Frn giXL[]ZBTYQ^[PQ^F t
Q^[]b�TYQ^WV_PQ!Z)E�FCnPKGo�[]WVTYMPbC\NQ nPQ^_]w _PQ �'TVsRQ^FrncMPbGE1g _Pn]mRQ^O�_PXL[PQ^F v

SlTYQ ncQ �'TVsRQ^FrncMPbGE1g _PQ^F�Z)ELMPbrQ^F j TYQ+HJXLZBK�WYQ7.hTV_co�_ j Q^[ S!E�_PQ^F j Q^p�_]WVTYMPb v�SUTYQ9*
Q^TV_Pn]_PQ^ZBK�WVp�F�s j Q^[
S+E�_PQ^F Q^[]brILbd_ j TYQlHJXLZBK�WYQ7.hTV_co�_'�-Q^TV_PQ^[xvh` %�[ j TYQ�T I|n]p�F�s j Q^[  lphg�sdE�\NQ Z!%rnPnPQ^F j TYQpvlXLb j E�_PQ^F
TVF�Q^TVFrQ^FC�/Q^[]O8Z)E�WYn][cE�p�Z�%�\NQ^[]_][cE�sRQ^F	�5Q^[ j Q^F t E�phg j Q^FsT Q^[]F�mRQ^[ giE�b�[PQ^F4E�F �5Q^F j \GE�[Un]TVF j v

};S
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SUTYQ-\
Q nPMcb�[]TYQ^\
Q^FrQ^F)� � TYnPn8T T giQ �fS!E�_PQ^F��5E�[PQ^F�\
Q^[PQ^TV_Pn w �5Q^TVZ)E�W�E+Q^sRQ^Frn]_cE�F j mRXLF lFGE�WrZhnPQ^F vL�8X��
�5XLb�W j TYQ5�'[PX �]Q^O�_]s|[]p�K�KNQ Sd{|z 	��5 �&) !$# ��! � �?Q^_JE�W�vGz|{|{|z��ft j TYQ%TVZ � TVFd_PQ^[PnPQ^Z�Q n]_PQ^[�z|{|{ D mLz|{|{|z
p�F j TVZ �8XLZBZ�Q^[PnPQ^Z�Q n]_PQ^[3z|{|{|z E�Z T Q^b�[PnP_]p�b�W g&%�[lH�%�Frn]_]WVTYMcbrQ�efF�_PQ^WVWVTVsRQ^F�w j Q nU`GELMPb�\
Q^[PQ^TYMcbrn
e Fhg XL[]Z)E�_]TVO j Q^[ kJF�TVmRQ^[Pn]TV_co�_ S+XL[]_]Zqp�F j n]_cE�_]_ g�E�F j t1E�WYn�E�prMcb 5dQ^Frn�` TYnPnPQ^WYQ^[ TVFynPQ^TVFrQ^[ SlTVK�WYXLZ)E�[ �
\NQ^TV_ �  lF �5Q^F j p�F�s�Q^TVFrQ n S!E�_cEq�/TVF�TVF�sL�
(�Q^[ giE�b�[PQ nlE�phg (�Q^[Pn]TYMPbrQ^[]p�F�sRn j E�_PQ^F+� 	���% ) ) ��!0�)�4z|{|{|} �
\NQ giELncn]_PQ^F<n]TYMPb<ZBTV_ j TYQ nPQ^F/S+E�_PQ^F v ">Q^T j Q� l[]\NQ^TV_PQ^F<\
Q^[�%rMcO8n]TYMcbd_]TVsRQ^F j TYQ+wxQ^TV_]WVTYMPbrQqSUTVZ�Q^Frn]TYXLF
j Q^[�S!E�_PQ^F�p�F�_PQ^[PnPMPb�TYQ j WVTYMcb v � o�b�[PQ^F j�j TYQ �'[PX �]Q^O8_]s|[]p�K�K
Q TVF)TVb�[PQ^F)kJF�_PQ^[Pn]prMPb�p�F�sRQ^F j TYQ>wxQ^TV_ �
WVTYMcbrQ SlTVZ�Q^FrnPTYXLF F�TYMcbd_%Q7.hK�WVTVw TV_�mRQ^[��-Q^F j Q^_�bGE�_xt � p�[ j Q^FBTVF j Q^['SUTVK�WYXLZ)E�[]\
Q^TV_ j TYQ>S!E�_PQ^FBFGELMPb
bGo�p�_rsRQ^F?�8Q-,�prQ^F�wxQ^FCp�F�_PQ^[Pn]prMPb�_xv e Z giXLWVsRQ^F j Q^F �-Q^[ j Q^F/\
Q^T j Q  lFrnco�_]wxQ!O8p�[]w!mRXL[]sRQ n]_PQ^WVWV_xv
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�'TVFyQ^[Pn]_PQ^[  lFrncE�_]w j Q^[ ��[PX � Q^O8_]s|[]p�K�K
Q%\
Q nP_cE�F j3j E�[]TVF t1E�prn j Q^FqS!E�_PQ^F j Q^[ ��E�[]_]FrQ^[  lphginPMPb�WVprnPn
%�\NQ^[ j TYQ�v�%rMcO�O|E�phg&�5E�b�[PnPMcbrQ^TVF�WVTYMPb�ORQ^TV_lQ^TVFrQ n (�Q^[]_][cE�sRQ n>w p<Q^[]bGE�WV_PQ^F v  Jprn j Q^[>� E�[]_]FrQ^[]_cE�\NQ^WVWYQ
� p�[ j Q^F<wxQ^b�F  >_]_][]TV\�p�_PQ3E�prn]sRQ �>o�b�WV_xv�* prnco�_]w WVTYMcb � p�[ j Q!Q^TVF<\�TVFGo�[PQ n� >_]_][]TV\�p�_�� E�	 � ��. 8���E�prn
j Q^F vJXLb j E�_PQ^F�sRQ^FrQ^[]TYQ^[]_xv
 lWYn8T Q^[]FdmRQ^[ g�E�b�[PQ^F�O|E�Z�Q^FBQ^TVF �'Fd_PnPMcbrQ^T j p�F�sRn]\GE�p�ZBWYQ^[]FrQ^[5p�F j Q^TVFrQ
� (+� w p�Z �'TVFrncE�_]wRv|�/TV_ j Q^Z �'F�_PnPMPbrQ^T j p�F�sRn]\GE�p�ZBWYQ^[]FrQ^[ � p�[ j Q>Q^TVFrQ>�'[PQ M^TYn]TYXLFBmRXLF VKu � p�F j
Q^TVF vJQ MxE�WVW8mRXLF l {�� Q^[][PQ^TYMPb�_xv|�CTV_ j Q^['� (+� � p�[ j Q%\NQ^T j Q^[�\NQ n]_PQ^Fy��E�[cE�Z�Q^_PQ^[PQ^TVFrn]_PQ^WVWVp�F�sqQ^TVFrQ
�'[PQ M^TYnPTYXLF�mRXLF D D � p�F j Q^TVFcvJQ MxE�WVWrmRXLF VKu � Q^[]w TYQ^WV_xvdSUTYQ S!E�_PQ^F � p�[ j Q^F E�p��RQ^[ j Q^Z ZBTV_%DlTVW giQ
mRXLF  UnPnPXLw T E�_]TYXLFrn][PQ^sRQ^WVF�E�FGE�WrZhn]TYQ^[]_xv SUTYQBQ^F�_Pn]_PQ^brQ^F j Q^F�vlQ^sRQ^WVF � p�[ j Q^F4FGELMPb j Q^Z  >_]_][]TV\�p�_
v %rMPO8OLE�phg!TVF j Q^[ HJXLF�O8WVprn]TYXLF sRQ
_rWV_PQ^[]_xv ��n Q^[]sdE�\
Q^F n]TYMPb HJXL[][PQ^W E�_]TYXLFrQ^F w � TYnPMcbrQ^F Q^TVF�TVsRQ^F
 >_]_][]TV\�p�_PQ^F v SlTYQ ncQ!HJXL[][PQ^W E�_]TYXLFrQ^F �5E�[PQ^F �]Q j X8MPb<F�TYMPb�_ln]TVs|F�T9_rO|E�Fd_lTVF<\
Q^w p�s E�phg8v %rMPO8OLE�phg]v
 lprn j Q^F �'[]sRQ^\�F�TYnPncQ^F�E�WVWYQ^[%klFd_PQ^[Pn]prMcbdp�F�s OLE�F�F j Q^[-�8Mcb�WVprnPn�sRQ^wxXLsRQ^F �5Q^[ j Q^F t j ELnPn j TYQ � E�[]_ �
FrQ^[ j E�_PQ^F�ORQ^TVFrQ3[PQ^WYQ^mLE�F�_PQ^F/e Fhg XL[]Z)E�_]TYXLFrQ^F/w p�[ (�XL[]brQ^[PncE�sRQ3mRXLFsv %rMPO8OLE�phg'Q^Fd_]bGE�WV_PQ^F v

�lF j Q^[]p�F�sRQ^F4TVF j Q^[+KNQ^[PnPILF�WVTYMPbrQ^F ��TV_]pGE�_]TYXLF�Q^TVFrQ n!� E�[]_]FrQ^[Pnxt � TYQ wRv "+v j Q^[!H3E�phg5Q^TVFrQ n!D+E�ph�
nPQ n#t8DUQ^TV[cE�_JX j Q^[ j TYQ E+Q^\�p�[]_JQ^TVFrQ nlH+TVF j Q nJn]TVF j TVF j Q^[ S+E�_PQ^F�\GE�F�O<F�TYMPb�_JsRQ n]KNQ^TYMPbrQ^[]_xv SlTYQ ncQ
�'[PQ^TVs|F�TYncnPQ>ORILF�FrQ^F�Fdp�[%TVF j TV[PQ^O�_ %�\NQ^[ j TYQ��lF j Q^[]p�F�sqQ^TVFrQ n (�Q^[]_][cE�sRQ n%X j Q^[�Q^TVFrQ n�nPQ^TVFrQ^[ � E�[]T g��
ORXLZBKNXLFrQ^Fd_PQ^F�\NQ XL\GELMPb�_PQ^_��-Q^[ j Q^F vGSUQ nPbGE�WV\ \NQ^_][cELMPb�_PQ^_PQ j TYQ+�'[PX �]Q^O�_]s|[]p�K�KNQ+TVF�Q^TVFrQ^Z w �-Q^T �
_PQ^F  lFrncE�_]w j TYQ �lF j Q^[]p�F�sRQ^F j Q^[ ��E�[]T g ORXLZBKNXLFrQ^Fd_PQ^F vd�/TV_'DJTVW giQ5mRXLF  JK�[]TYXL[]T � p�[ j Q>mRQ^[Pn]prMcbd_xt
_ Z�K�TYnPMcbrQ (�Q^[co�F j Q^[]p�F�sRQ^FBmRXLF (�Q^[]_][cE�sRn]Z�Q^[]O8Z)E�WYQ^F�TVFyw p�[�%rMcO�sRQ^O|E�phg�_PQ^F (�Q^[Pn]TYMcbrQ^[]p�F�sRn]mRQ^[]_][co1�
sRQ^F w p<Q^Fd_ j Q MPORQ^F vGSlTYQ ">Q Q^F j TVs|p�F�s j Q^[ �'[co�ZBTYQ^F�w#E�b�WVp�F�s �5E�[ Q^TVFrQ+MPbGE�[cE�O8_PQ^[]TYn]_]TYnPMcbrQ �JF j Q �
[]p�F�srt j TYQJQ^[]ZBTV_]_PQ^WV_��-Q^[ j Q^F�ORXLF�Fd_PQ|vh��TYQ OLE�F�F)E�WVWYQ^[ j TVF�sRn-F�TYMPb�_5E�WYn-H+[]TV_PQ^[]TVp�Z w p�[ (�XL[]brQ^[PncE�sRQ
mRXLF v %rMPO8OLE�phg�mRQ^[��-Q^F j Q^_ �-Q^[ j Q^F v

SUTYQ �'[]sRQ^\�F�TYnPncQ!ORILF�FrQ^F�giXLWVsRQ^F j Q^[]Z)E �RQ^FCTVF�_PQ^[]K�[PQ^_]TYQ^[]_ �5Q^[ j Q^F �

} V
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D v SUTYQ3S!E�_PQ^FCQ^Fd_]bGE�WV_PQ^F?ORQ^TVFrQ![PQ^WYQ^m|E�Fd_PQ^F�efFhgiXL[]Z)E�_]TYXLFrQ^FCw p�[ (�XL[]brQ^[PncE�sRQ3mRXLFsv %rMPO8OLE�phg
X j Q^[

zhv j TYQ vlQ^K�[coLnPQ^Fd_cE�_]TYXLF j Q^[ S+E�_PQ^F	� p�[ j Q!p�F�sRQ Q^TVs|FrQ^_JsRQ �>o�b�WV_xv

 Jprn j Q^F j p�[PMcb�sRQ g %�b�[]_PQ^F  lFGE�WrZ8nPQ^F j Q^[q� E�[]_]FrQ^[ j E�_PQ^F O|E�F�F j E�brQ^[3sRQ giXLWVsRQ^[]_��-Q^[ j Q^F t j ELnPn
n]TYQ g&%�[ j TYQsv %rMPO8OLE�phg mRXL[]brQ^[PncE�sRQCp�F�sRQ Q^TVs|FrQ^_ nPTVF j v �'TVFrQ  JFGE�WrZhnPQ j Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�sRn j E�_PQ^F
mRQ^[Pn]K�[]TYMPb�_JTVF j TYQ nPQ^[JDlTVFrn]TYMcbd_JZ�Q^b�[ �'[ g XLWVsrv
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5RQ^Frny` TYnPncQ^WYQ^[yp�F�_PQ^[Pn]prMPb�_PQ TVF nPQ^TVFrQ^[�SUTVK�WYXLZ)E�[]\
Q^TV_ 	���%�) ) �)!��)�4z|{|{|}�� j TYQ � � TYncn]T T giQ �fS!E�_PQ^F
FGELMPb bGo�p�_rsRQ^F �JF j Q^[]p�F�sRn]Zyprn]_PQ^[]F v� lprn j TYQ nPQ^F �Cprn]_PQ^[]F mRQ^[Pn]prMPb�_PQCQ^[xt�vlQ^sRQ^WVF w p Q^[]wxQ^ph�
sRQ^F t�p�ZaZBTV_ TVb�[PQ^[JDlTVW giQ j TYQ!wxQ^TV_]WVTYMPbrQ!�'Fd_ � TYMPO8WVp�F�s mRXLF/efF�_PQ^[]mLE�WVWYnPQ-,�prQ^F�wxQ^FCmRXL[]brQ^[Pn E�sRQ^FCw p
ORILF�FrQ^F v�efF� lF�WYQ^b�Fdp�F�s E�F j Q^F� lFrncE�_]w�mRXLF DUILK�K�FrQ^[ 	 ��� KNK=M��)��z|{|{|z �JQ^Fd_ � TYMcORQ^WV_PQ 5RQ^Frn
`�TYncnPQ^WYQ^[%Q^TVFrQ^F$ lWVsRXL[]TV_]b�Zqprn-w p�[  lp���F j p�F�sqmRXLF�bGo�p�_rsRQ^F e Fd_PQ^[]m|E�WVWVZqprnP_PQ^[]F v�E+Q^_][PQ^F�F�_-FGELMcb
j Q^F<g %�Fhg'mRQ^[PnPMcb�TYQ j Q^FrQ^F (�Q^[Pn]TYMPbrQ^[]p�F�sRncE�[]_PQ^F t��5Q^F j Q^_PQy` TYnPnPQ^WYQ^[UnPQ^TVFrQ^F	 lWVsRXL[]TV_]b�Zqprn!E�phg j TYQ
��E�[]T g ORXLZBK
XLFrQ^F�_PQ^F j E�_PQ^F�E�F vhSUTYQ+efF�_PQ^[]mLE�WVWYQ!Q^[]wxQ^p�s|_PQ3Q^[ E�prn j Q^F *
Q^TV_]Z)E�[]ORQ^F j Q^[��lF j Q^[]p�Fh�
sRQ^F vR�CTV_5DJTVW giQ>mRXLF$ lWVWYQ^Frn�wxQ^TV_]WVTYMcbrQ^[5e Fd_PQ^[]m|E�WVWVWYXLs|TVO 	�� !0!0�=M D u l S<�Gg XL[]Zyp�WVTYQ^[]_PQlQ^[ vlQ^W E�_]TYXLFrQ^F
w � TYnPMPbrQ^F j Q^F/Q^[]wxQ^p�s|_PQ^F/e Fd_PQ^[]m|E�WVWYQ^F v

Slp�[PMcb ` TVWV_PQ^[]p�F�s�FGELMcb���Q^WV_]wxQ^TV_)p�F j T E�phg wxQ^TV_ %�\NQ^[]K�[�%hg _PQ�Q^[ j TYQ<sRQ g p�F j Q^FrQ^F vJQ^sRQ^WVF E�phg
wxQ^TV_]WVTYMPbrQ�(�Q^[co�F j Q^[]p�F�sRQ^F vUSUTYQ4`�TVWV_PQ^[]p�F�s FGELMPb j Q^[ ��Q^WV_]wxQ^TV_/Q^[]sdE�\ p�Fd_PQ^[/E�F j Q^[PQ^Z�t j ELnPn
�CTV_]_PQ j Q^[qu|{LQ^[ 5�E�b�[PQ�m�TYQ^WYQ (�Q^[]_][co�sRQ�w p�[�%rMPO8sRQ^OLE�phg _�� p�[ j Q^F v SUTYQ n!TYn]_3E�phg j TYQ �'TVFhg&%�b�[]p�F�s
j Q^[3nPXLsRQ^FGE�F�Fd_PQ^F ��_PQ^ZBK
Q^WYn]_PQ^prQ^[qTVZ  JK�[]TVW D u|u l w p�[�%rMcO�w phg&%�b�[PQ^F v SUTYQ���_PQ^ZBKNQ^WYn]_PQ^prQ^[3O|E�F�F
E�phg���Q^[]_]KGE�K�TYQ^[PQ|t�E�phg � p�TV_]_]p�F�sRQ^F mRXLF6(�Q^[Pn]TYMcbrQ^[]p�F�sRn]K�[co�ZBTYQ^F p�F j E�phgUE�F j Q^[PQ kJ[]O8p�F j Q^F
j Q n'DUE�F j Q^WYn]mRQ^[]ORQ^b�[Pn%Q^[]brXL\
Q^F �5Q^[ j Q^F v|SlTYQ'��TVFhg %�b�[]p�F�s j Q^[-��_PQ^ZBKNQ^WYn]_PQ^prQ^['mRQ^[cE�F�W ELnPn]_PQ>m8TYQ^WYQ
H+p�F j Q^F t�TVb�[PQ (�Q^[Pn]TYMcbrQ^[]p�F�sRQ^F�E�phg w p�WYI|nPQ^F v

5RQ^Frn�` TYnPnPQ^WYQ^['mRQ^[Pn]prMcbd_PQlQ^TVFrQ v�%rMPO8O|E�phg n]mRXL[]brQ^[Pn E�sRQ nPX��5XLb�Wrp�Fd_PQ^[>E�WVWYQ^TVF�TVsRQ^[ (�Q^[��-Q^F j p�F�s j Q^[
��E�[]T g ORXLZBK
XLFrQ^F�_PQ^F j E�_PQ^F E�WYnyE�prMPb�TVF HJXLZq\�TVFGE�_]TYXLF ZBTV_qS!E�_PQ^F E�prn j Q^F (�Q^[Pn]TYMPbrQ^[]p�F�sRnPmRQ^[ �
_][co�sRQ^F v ">Q^T'\
Q^T j Q^F kJF�_PQ^[Pn]prMPb�p�F�s/ORXLF�F�_PQ)Q^[3ORQ^TVFrQ vJQ^sRQ^WVF�w p�[ (�XL[]brQ^[PncE�sRQ�mRXLF v %rMPO8OLE�phg
E�\�sRQ^WYQ^TV_PQ^F v

� ��� ����� ��������� � � � �

* prncE�ZBZ�Q^FhgiELncnPQ^F j W oLnPnP_�n]TYMPb ncE�sRQ^F t j ELnPn�Q n)TVF j Q^F mRXL[]sRQ nP_PQ^WVWV_PQ^F klFd_PQ^[Pn]prMcbdp�F�sRQ^F F�TYMPb�_
sRQ^WVp�F�sRQ^F?TYnP_xt
Q^TVFrQ^F  lFrncE�_]w w p�[+(�XL[]brQ^[Pn E�sRQ�mRXLF v %rMPO8OLE�phg-w pf_rF j Q^F vNSUTYQ \�TYn]brQ^[!Q^[]w TYQ^WV_PQ^F

} W
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�'[]sRQ^\�F�TYncnPQ!W ELnPnPQ^F<w �5Q^T Z�ILs|WVTYMPbrQ]v�%rMcO8nPMcb�W %rnPnPQ!w p �

D vJSlTYQ4S!E�_PQ^F nPTVF j F�TYMPbd_�E j o�,dpGE�_C[PQ^K�[coLnPQ^Fd_]TYQ^[]_ �-XL[ j Q^F t j v b v TVF j Q^F S!E�_PQ^F n]_PQ MPORQ^F
[PQ^WYQ^mLE�F�_PQ efFhgiXL[]Z)E�_]TYXLFrQ^F t j TYQ5TVF j Q^F j p�[PMcb�sRQ g %�b�[]_PQ^F  lFGE�WrZhnPQ^FyF�TYMcbd_%Q^[]O|E�F�Fd_ � p�[ j Q^F v

zhvJSlTYQ!S!E�_PQ^FCQ^F�_]bGE�WV_PQ^FCORQ^TVFrQyefFhgiXL[]Z)E�_]TYXLFrQ^F�w p�[ (�XL[]brQ^[PncE�sRQ3mRXLFsv�%rMcO�O|E�phg v

"5TYn]brQ^[5F�TYMPb�_ p�Fd_PQ^[Pn]prMcbd_ � p�[ j Q j TYQ+D+o�p�_rs|ORQ^TV_5mRXLF (�Q^[]_][cE�sRnco�F j Q^[]p�F�sRQ^F v efF j Q^[' JF�FGE�b�Z�Q|t
j ELnPn bGo�p�_rsRQ �lF j Q^[]p�F�sRQ^FBQ^TVFrQ n (�Q^[]_][cE�sRQ n  Jprn j []prMPO!mRXLFyklF�w phg []TYQ j Q^F�brQ^TV_ j Q n H+p�F j Q^F nPTVF j t
ORILF�F�_PQ j TYQ�"5Q^[�%rMcO8nPTYMPbd_]TVs|p�F�s mRXLF!(�Q^[]_][cE�sRnco�F j Q^[]p�F�sRQ^F t j TYQ (�XL[PncE�sRQ!mRXLF v�%rMcO�O|E�phg Q^[]Z�ILsL�
WVTYMcbrQ^F v �'TVFrQ�� `nm�e S+` S!E�[Pn]_PQ^WVWVp�F�s<\NQ^[�%rMPOhn]TYMPb�_]TVs|_ j TYQ�DUo�p�_rs|ORQ^TV_+mRXLF��lF j Q^[]p�F�sRQ^F v S+E�brQ^[
�5Q^[ j Q^FBTVF j Q^[�mRXL[]WVTYQ^sRQ^F j Q^F)SUTVK�WYXLZ)E�[]\NQ^TV_PQ^F j TYQ (�Q^[PnPTYMPbrQ^[]p�F�sRn j E�_PQ^F�TVFBQ^TVFrQ^[ � `�m�e S+`/S+E�[ �
n]_PQ^WVWVp�F�s)FrQ^pCE�FGE�WrZ8n]TYQ^[]_xv
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SUTYQ�FrXL_ �5Q^F j TVsRQ (�XL[]mRQ^[cE�[]\NQ^TV_]p�F�s j Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�sRn j E�_PQ^F!� p�[ j Q'ZBTV_�DJTVW giQ j Q n �/TVF�TVF�sJ��E�[]_
�<Zhn]_PQ^Z�n j p�[PMPb�sRQ g&%�b�[]_xv * p�FGoLMcbrn]_�� TV[ j j ELn ORXLF�wxQ^K�_]TYXLFrQ^WVWYQ<S!E�_PQ^F�Z�X j Q^WVW5Q^[Pn]_PQ^WVWV_xv S!E�FGELMPb
ORILF�FrQ^F j TYQ9(�XL[]mRQ^[cE�[]\
Q^TV_]p�F�sRnPncMPb�[]TV_]_PQyTVZ `GE�WVWVZ�X j Q^WVW Z�X j Q^WVWVTYQ^[]_ �-Q^[ j Q^F v

? .0*PB,-� 9 #-:& "�-K*�L�3j&1/�- �<B
� 3j&<-� 9 A-�&NMO7<BP-�&'b43j"'-� 9 A*

SUTYQ+\NQ^T j Q^F�S+E�_PQ^F�\GE�F�O�_cE�\NQ^WVWYQ^F�� o%$ (+( � v � p�F j � o%$ (+( � v � e S �-Q^[ j Q^F�E�WYn HJXLF�wxQ^K�_PQ
Z�X j Q^WVWVTYQ^[]_xv�* p�[ �/X j Q^WVWVTYQ^[]p�F�s j Q^[ ��E�\NQ^WVWYQ%�@o%$ ( (���v � � TV[ jyj ELn HJXLF�wxQ^K�_ &)(+*;,-* .�(210( E�F�sRQ �
WYQ^s|_xv�SlTYQ ��E�\NQ^WVWYQl�@o%$ (+( ��v � e S � TV[ j)j p�[PMcb j ELn%HJXLF�wxQ^K�_ &)(+*;,-*/.�1�:6B
� [PQ^K�[coLncQ^Fd_]TYQ^[]_xvh` %�[
�]Q j Q n' >_]_][]TV\�p�_PQ j Q^[ \NQ^T j Q^F ��E�\NQ^WVWYQ^F � TV[ j Q^TVF�Q^Fd_PnPK�[PQ MPbrQ^F j Q n  >_]_][]TV\�p�_ w p j Q^F�HJXLF�wxQ^K�_PQ^F
E�F�sRQ^WYQ^s|_xv� J\�\�TVW j p�F�s Vhv }BwxQ^TVs|_ j ELnUHJXLF�wxQ^K�_ &)(+*+,-*/.0(21�(^v SUTYQyHlXLF�wxQ^K�_PQqZBTV_ j Q^F  >_]_][]TV\�p�_PQ^F
�5Q^[ j Q^F E�phg j TYQ�S!E�_PQ^Fd\GE�F�O8_cE�\
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�lF j Q^[]p�F�sRn]s|[]p�F j E�phg _][]TV_]_xv

tf(ai, cj) =‖ {x ∈ *
Q^TV_]K�p�F�O8_PQ | ai = 1} ‖ �dVhv z
�

 l\�\�TVW j p�F�s Vhv l mRQ^[ j Q^p�_]WVTYMcbd_ j TYQ�">Q^[PQ MPb�Fdp�F�s j Q^[ � Q^[]Z�g [PQ-,�prQ^F�wRv

SUTYQ�� � � 8<
 (;6�, � * (��;8)(+6+@4Q^TVFrQ n� >_]_][]TV\�p�_PQ n
ai

Q^Frn]K�[]TYMPb�_ j Q^[� lF�w#E�b�W j Q^[9(�Q^[]_][co�sRQ�ZBTV_3Q^TVFrQ^[
� (+*�
 �+* (��;8)(+6+@�s|[PI��RQ^[lE�WYnJ{hv

df(ai) =‖ {cj ∈ C | tf(ai, cj) > 0} ‖ �dVhv }
�

? .0/�-:$)(H$'&)( + 3j& �i-�.d(H #-1�32141*[.0- �1.
1<*
-�&)BP7<B
� 3j&<-�& �'TVF (�Q^[]s|WYQ^TYMPb j Q^[ � `nm�e S+`svlQ^K�[coLnPQ^Fd_cE�_]TYXLF
ZBTV_ E�F j Q^[PQ^F vJQ^K�[coLnPQ^F�_cE�_]TYXLFrQ^F�nPXLWVW j Q^F (�XL[]_PQ^TVW j Q^[ � `nm�e S+` vlQ^K�[coLnPQ^Fd_cE�_]TYXLF<\NQ �-Q^TYnPQ^F v ��n
�5Q^[ j Q^F�w �-Q^T (�Q^[]s|WYQ^TYMPbrn][PQ^K�[coLnPQ^F�_cE�_]TYXLFrQ^F�Q^[]wxQ^p�s|_xv

` %�[ j TYQ?Q^[PnP_PQfvlQ^K�[coLnPQ^Fd_cE�_]TYXLF �5Q^[ j Q^F j TYQ D S �?Q^[]O�Z)E�WYQ^F mRQ^[��5Q^F j Q^_xt j TYQ/TVZ  l\rnPMPb�F�TV_]_
 >_]_][]TV\�p�_cE�prn��>E�b�W�\
Q nPMcb�[]TYQ^\
Q^F � p�[ j Q^F v
SUTYQ3wxQ^TV_]WVTYMPbrQ�SUTVZ�Q^Frn]TYXLF j Q^[lS!E�_PQ^F � TV[ j F�TYMcbd_+\NQ �
[�%rMcO8n]TYMcbd_]TVs|_xv'">Q^T (�Q^[]_][co�sRQ^F XLb�FrQ v %rMPO8OLE�phg!� TV[ j j ELn w p�WYQ^_]w _ s %�WV_]TVsRQ � p�KNQ^W+mRQ^[��-Q^F j Q^_xv
">Q^T/(�Q^[]_][co�sRQ^F�ZBTV_3Q^[ giXLWVs|_PQ^Z v�%rMPO8O|E�phg � TV[ j4j ELn+WYQ^_]w _PQ�mRXL[ j Q^Z v�%rMcO�O|E�phg-s %�WV_]TVsRQ � p�K
Q^W
E�prn]sRQ �>o�b�WV_xv  l\�\�TVW j p�F�s Vhv u�mRQ^[ j Q^p�_]WVTYMcbd_ j TYQ� Jprn �5E�b�W j Q^[�� p�K
Q^W�v

 lWYnNw �-Q^TV_PQ^vJQ^K�[coLnPQ^F�_cE�_]TYXLF�� TV[ j Q^TVFrQ'\�TVFGo�[PQ%S+E�[PnP_PQ^WVWVp�F�s sRQ �5o�b�WV_xv1efZ�E+Q^sRQ^Frn E�_]w�w p�[ � `�m�e S+`
vlQ^K�[coLnPQ^Fd_cE�_]TYXLF�Q^[ g�ELnPn]_ j TYQ nPQ+S!E�[Pn]_PQ^WVWVp�F�sBFdp�[ j ELn' lphg _][PQ^_PQ^F mRXLF �lF j Q^[]p�F�sRQ^F<\�w �3v �JF j Q �

Sd}
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 l\�\�TVW j p�F�s Vhv uhv ���'[]wxQ^p�s|p�F�s j Q^[OvJQ^K�[coLncQ^Fd_cE�_]TYXLFCZBTV_ j Q^F�XL[]TVs|TVFGE�WYQ^F/�?Q^[]O�Z)E�WYQ^F

S S
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 l\�\�TVW j p�F�s Vhv D {hv ���'[]wxQ^p�s|p�F�s j Q^[ \�TVFGo�[PQ^FsvlQ^K�[coLnPQ^Fd_cE�_]TYXLF

[]p�F�sRn]s|[�%�F j Q^F�p�F j F�TYMPb�_ j TYQJDUo�p�_rs|ORQ^TV_xv��?E�_]brQ^Z)E�_]TYnPMcb)W o �|_%nPTYMPb j ELn�� TYQ>g XLWVs|_5E�prn j [�%rMPORQ^F �

bin(ai; cj) =

{

1 : ai

� p�[ j Q3TVF
cj

sRQxo�F j Q^[]_J\�w �3v
ai

_][]TV_]_JTVF
cj

E�phg

0 :
nPXLFrn]_ �dVhv S �

 l\�\�TVW j p�F�s Vhv D {�wxQ^TVs|_ j TYQ ��[]wxQ^p�s|p�F�s j Q^[ \�TVFGo�[PQ^F vJQ^K�[coLnPQ^F�_cE�_]TYXLF v

� ' � '*&(' . �-B �9E�
�7LELB �� 	 FH2 B��?2 B ������
�2

� g)BP-:L1. �3BP-�. �5-�&

e F j TYQ ncQ^Z  J\rnPMcb�F�TV_]_ �-Q^[ j Q^F j TYQ E %�_PQ^O8[]TV_PQ^[]TYQ^F 3 	 	;8�*/. 	K�|tL= */( 	 � :��3�<6Gt � (
	 .��'�
p�F j 	 F O'(/.�:+8�* (
mRXL[]sRQ n]_PQ^WVWV_xv SUTYQysRQ^FGE�F�Fd_PQ^F�H+[]TV_PQ^[]TYQ^F �5Q^[ j Q^F�w p�[ ">Q �-Q^[]_]p�F�s j Q^[ j p�[PMPb�sRQ g&%�b�[]_PQ^F �/.hK
Q^[]T �
Z�Q^F�_PQyQ^TVF�sRQ nPQ^_]w _xv ��TYQ!�-Q^[ j Q^F4E�F�bGE�F j/j Q^[+HJXLF�_]TVF�sRQ^F�w _cE1g Q^W'TVF  J\�\�TVW j p�F�s Vhv z�Q^[]W o�p�_PQ^[]_xv

A

S)V
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����\������ ����\���� �
D���\������  "
D���\���� � \ S

��E�\NQ^WVWYQ]Vhv zhv �GHlXLFd_]TVF�sRQ^F�w _cE1giQ^W�g %�[lQ^TVF/H+W ELnPn]T9_rO|E�_]TYXLFrn]K�[PXL\�WYQ^Z ZBTV_Jw �5Q^T H+W ELnPncQ^F v ����\�� Q^F�_ �
n]K�[]TYMPb�_ j Q^[BORXL[][PQ^O�_PQ^F H+W ELnPn]T9_rO|E�_]TYXLF t�D��\��qTYn]_ j TYQ<H+W ELncn]T9_rOLE�_]TYXLF j Q ncT Q^[]FGE�WVsRXL[]TV_]b�Zqprn
� DOZ8K
XL_]brQ ncQ�� v

\
Q^wxQ^TYMcb�FrQ^_ j TYQ� JF�w#E�b�W j Q^[+KNX|n]TV_]TVmRQ^F ">Q^TYn]K�TYQ^WYQ|t j TYQ�mRXLZ H+W ELnPn]T9_rO|E�_PXL[qE�WYn+K
X|n]TV_]TVm?Q^[]OLE�F�F�_
� p�[ j Q^F v

B
TYn]_ j TYQ$ JF�w#E�b�W j Q^[3mRXLZ T Q^[]FGE�WVsRXL[]TV_]b�Zyprn gio�WYncMPb�WVTYMPbrQ^[��5Q^TYnPQ<E�WYnqKNX|n]TV_]TVm?O�W ELncn]T �

_rw TYQ^[]_PQ^F t TVF � TV[]O8WVTYMPb�ORQ^TV_qFrQ^sdE�_]TVmRQ^F ">Q^TYn]K�TYQ^WYQ|v
C
s|TV\�_ j TYQ  lF�w#E�b�W�KNX|n]TV_]TVmRQ^[!">Q^TYn]K�TYQ^WYQ E�F t

j TYQlmRXLZ T Q^[]FGE�WVsRXL[]TV_]b�Zyprn g�o�WYnPMPb�WVTYMcbrQ^[��-Q^TYnPQ E�WYn5FrQ^sdE�_]TVm�O8W ELnPn]T9_rw TYQ^[]_ � p�[ j Q^F thp�F j
D
TYn]_ j TYQ

 JF�w#E�b�W j Q^[ ORXL[][PQ^O8_lE�WYn FrQ^sdE�_]TVm<Q^[]O|E�F�Fd_PQ^F "5Q^TYnPK�TYQ^WYQ|v

SlTYQ 3 	 	;89*/. 	K� s|TV\�_ j TYQ	��E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_�E�F t j ELnPn�Q^TVF w phgio�WVWVTVs E�prn j Q^[4(�Q^[]_PQ^TVWVp�F�s j Q^[
"5Q^TYnPK�TYQ^WYQCsRQ^wxXLsRQ^FrQ n ">Q^TYn]K�TYQ^W+[]TYMPb�_]TVs O8W ELnPn]T9_rw TYQ^[]_ � TV[ j v �'TVFrQ  J\rnPMcbGo�_]w p�F�s j Q^[ 3 	 	;89* . 	9�
OLE�F�F Q^[ g XLWVsRQ^FyZBTV_]_PQ^WYn�SUTVm8TYn]TYXLF j Q^[  JF�w#E�b�W j Q^[�ORXL[][PQ^O8_PQ^FyH+W ELnPnPT9_rOLE�_]TYXLFrQ^F j p�[PMPb j TYQ� lF�w#E�b�W
E�WVWYQ^[JH+W ELnPn]T9_rO|E�_]TYXLFrQ^F v���n Q^[]s|TV\�_Un]TYMPb giXLWVsRQ^F j Q3`rXL[]Z�Q^W��

Accuracy =
A + D

A + B + C + D

�dVhvAV
�
kJF�_PQ^[ = */( 	 � :��3�<6 mRQ^[Pn]_PQ^b�_!Z)E�F j TYQ���E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_xt j ELncn!Q^TVF�E�WYn+K
X|n]TV_]TVm/O�W ELncn]T9_rw TYQ^[]_PQ n
"5Q^TYnPK�TYQ^W � TV[]O�WVTYMcbCKNX|n]TV_]TVm�TYnP_xv

Precision =
A

A + B

�dVhvAW
�
� (
	 .��'�rTYn]_ j TYQ ��E�b�[PnPMPbrQ^TVF�WVTYMcb�ORQ^TV_xt j ELnPn Q^TVFyKNX|n]TV_]TVmRQ n ">Q^TYn]K�TYQ^W�E�prMPb�E�WYn�nPXLWYMPbrQ n�Q^[]O|E�F�Fd_ � TV[ j v
SlTYQ ncQ n �?E �BW o �|_ln]TYMPb � TYQUgiXLWVs|_lE�\rnPMcbGo�_]wxQ^F �

Recall =
A

A + C

�dVhv3u �
�8XLWVWYQ^F<mRQ^[PnPMPb�TYQ j Q^FrQ!�/.8KNQ^[]TVZ�Q^Fd_PQ3ZBTV_PQ^TVFGE�F j Q^[ mRQ^[]s|WVTYMPbrQ^F �-Q^[ j Q^F t�TYn]_ Q n ncMPb � TYQ^[]TVsrt � Q �5Q^TVWYn
�'[PQ M^TYn]TYXLF�p�F j vJQ MxE�WVW-E�prn j Q^F Q^TVF�wxQ^WVFrQ^F �/.hK
Q^[]TVZ�Q^F�_PQ^F ZBTV_PQ^TVFGE�F j Q^[ w p�mRQ^[]s|WYQ^TYMcbrQ^F v  lprn
j TYQ nPQ^Z EU[]p�F j �5Q^[ j Q^F/�'[PQ M^TYn]TYXLF/p�F j vJQ MxE�WVW X�g _ w pCQ^TVFrQ^Z Q^TVF�w TVsRQ^F	��Q^[]_ ORXLZq\�TVF�TYQ^[]_xv

�'TVF sRQ^\�[co�prMPb�WVTYMcbrQ n ��E ��w p�[�HJXLZy\�TVFGE�_]TYXLF mRXLF �'[PQ M^TYnPTYXLF p�F j vJQ MxE�WVW TYn]_ j ELn�mRXLF T Q � TYn
	�� ��� % ) D u|u V � j Q
_rF�TV_]TYQ^[]_PQ

F
F�O'( .�: 89*/( v���nB\NQ^[PQ MPb�FrQ^_ j ELn�sRQ � TYMPb�_PQ^_PQCbGE�[]Z�XLF�TYnPMcbrQC�/TV_]_PQ^W

E�prn vJQ MxE�WVW p�F j ��[PQ M^TYn]TYXLF v

Fβ =
(β2 + 1)Prec(h)Rec(h)

β2Prec(h) + Rec(h)

�dVhv l �

β
s|TV\�_ j TYQ>[PQ^W E�_]TVmRQpE+Q � TYMPb�_]p�F�sqw � TYnPMcbrQ^F��'[PQ M^TYnPTYXLF�p�F j vJQ MxE�WVWGE�F v|e F j Q^[�vJQ^sRQ^W � TV[ j

β = 1sRQ nPQ^_]w _xtrnPX j ELnPn>\NQ^T j Q ��Q^[]_PQ!s|WYQ^TYMcbCsRQ � TYMcbd_PQ^_ �-Q^[ j Q^F v

S)W



����� � ��� � ����� � ����	��
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* p�[ H+W ELnPn]T9_rO|E�_]TYXLF�� p�[ j Q^F j TYQ%TVF H3E�K�TV_PQ^Whz \
Q nPMcb�[]TYQ^\
Q^FrQ^F�T Q^[]F�mRQ^[ giE�b�[PQ^FBQ^TVF�sRQ nPQ^_]w _(�  JK�[]TYX��
[]T�w p�[ H+W ELnPn]T9_rO|E�_]TYXLF � n]TYQ^brQ zhv }hv S � t 5 Srv l�� � n]TYQ^brQ)zhv }hv }
� t j TYQ � (+� � n]TYQ^brQ)zhv }hv D �3p�F j X+E�TVmRQ
" ECZRQ n � n]TYQ^brQ%zhv }hv z
� vxSUTYQ nPQ (�Q^[ g�E�b�[PQ^Fqn]TVF j TVZ�vlE�b�Z�Q^F j Q n � ��H  	�� % � � �NM�p�F j � � LM?O z|{|{|{��
��E�ORQ^_PQ nJTVF =� pT � TVFd_PQ^s|[]TYQ^[]_xv�=� �T � nP_PQ^WVWV_ j E�[�%�\
Q^[Jb�TVFGE�prntolKNQ^[cE�_PXL[PQ^FCw p�[lE�p�_PXLZ)E�_]TYncMPbrQ^F
SUp�[PMPbhg&%�b�[]p�F�sCmRXLF H+[PQ^p�w mLE�WVT j TYQ^[]p�F�sRQ^F p�F j w p�[�">Q n]_]TVZBZyp�F�sCmRXLF4p�Fd_PQ^[PncMPb�TYQ j WVTYMPbrQ^F E�%h�
_PQ^O8[]TV_PQ^[]TYQ^F�w p�[ (�Q^[ g&%�s|p�F�srv�* p�[ SUp�[PMPbhg&%�b�[]p�F�s j Q^[��/.hK
Q^[]TVZ�Q^F�_PQ!ORILF�FrQ^F�ZBTV_ �/TVF�TVF�s)��E�[]_
mRXL[]mRQ^[cE�[]\NQ^TV_PQ^_PQqS!E�_PQ^F�ZBTV_]_PQ^WYnlQ^TVFrQ npolK
Q^[cE�_PXL[Pn j TV[PQ^O�_UE�prn j Q^[JS!E�_PQ^Fd\GE�F�O<Q7.h_][cE�b�TYQ^[]_ �-Q^[ �
j Q^F v  J\�\�TVW j p�F�s Vhv D D wxQ^TVs|_ j Q^F  lphg�\GE�p Q^TVFrQ n � .8KNQ^[]TVZ�Q^Fd_PQ n>ZBTV_ =� pT � v  JK�[]TYXL[]T�� p�[ j QJw p�[
H+W ELnPnPT9_rOLE�_]TYXLF mRQ^[��5Q^F j Q^_xt�TVF j Q^Z w p�FGoLMPbrnP_ E�phg+E�WVWYQ^F�� [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQ^F  UnPnPXLw T E�_]TYXLFrn][PQ �
sRQ^WVF�sRQ^WYQ^[]F�_ � p�[ j Q^F v
SUTYQ vJQ^sRQ^WVsRQ^FrQ^[]TYQ^[]p�F�s Q^[ g XLWVs|_PQ!g %�[JQ^TVFrQ^F4��p�K�K
XL[]_JmRXLF D � p�F j Q^TVFrQ^F
HlXLF�_ j Q^F�w �-Q^[]_JmRXLF V|{�� v�SUTYQ+Q^[]wxQ^p�s|_PQ^F vJQ^sRQ^WVF � p�[ j Q^FCE�FrnPMcb�WVTYQ �RQ^F j E�phg v %rMPO8OLE�phg�TVF j Q^[
HlXLF�O�WVprn]TYXLF sRQ
_rWV_PQ^[]_xvhSUTYQJsRQ
_rWV_PQ^[]_PQ^F vlQ^sRQ^WVF$� p�[ j Q^F�E�phg j TYQ � Q n]_ j E�_PQ^FCE�F�sRQ �>E�F j _xthp�Z nPTYQ
w p<O8W ELnPn]T9_rw TYQ^[PQ^F v�">Q^T j Q^[l� (+� � p�[ j Q3Q^TVF�WVTVFrQxE�[PQ^[JH!Q^[]FrQ^W�ZBTV_p\ � {ht { D mRQ^[��-Q^F j Q^_xv

�i7' 5�5"��5-�. $'&)('*
*,BC.07)BP-K(��3-:&

SUTYQ ��E�b�W5sRQ Q^TVs|FrQ^_PQ^[�� Q n]_ j E�_PQ^F TYn]_ Q^Fd_PnPMcbrQ^T j Q^F j g %�[ Q7.�E�O8_PQ  l\rnPMPbGo�_]w p�F�sRQ^F w p�O %�Fhg�_]TVsRQ^[
`rQ^b�WVO8W ELnPn]T9_rO|E�_]TYXLFrQ^F v

` %�[ j TYQ�T Q^[]FdmRQ^[ g�E�b�[PQ^F�n]TVF j [�%rMPO8sRQ^O|E�phg�_PQ (�Q^[]_][co�sRQBKNX|n]TV_]TVmRQ�">Q^TYn]K�TYQ^WYQ|vHXlQ^sdE�_]TVmRQ ">Q^TYn]K�TYQ^WYQ
n]TVF j (�Q^[]_][co�sRQ�XLb�FrQ�v�%rMcO�O|E�phg]v%v�%rMPO8O|E�phg>_][]TV_]_qFdp�[3\NQ^T^u8v3u � E�WVWYQ^[9(�Q^[]_][co�sRQ E�phg v �%n�%�\NQ^[ �
� TYQ^s|_ j TYQ� JF�w#E�b�W j Q^[+FrQ^sdE�_]TVmRQ^F ">Q^TYn]K�TYQ^WYQ|vNSUTYQ nPQ p�F�s|WYQ^TYMPbrQ (�Q^[]_PQ^TVWVp�F�s<mRXLF�K
X|nPTV_]TVmRQ^F?p�F j
FrQ^sdE�_]TVmRQ^F�">Q^TYn]K�TYQ^WYQ^F \NQ^[PQ^TV_PQ^_B\
Q^TVZ �'[]wxQ^p�sRQ^F j Q^[ � [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQ��'[PXL\�WYQ^Z�Q|v ��Q^[ j Q^F
\NQ^T j TYQ nPQ^[ (�Q^[]_PQ^TVWVp�F�s j TYQ�� [cE�TVF�TVF�sRn]\NQ^TYn]K�TYQ^WYQqw phgio�WVWVTVs�E�prn j Q^[�E+Q ncE�Zy_]Z�Q^F�sRQyE�WVWYQ^[ (�Q^[]_][co�sRQ
sRQ^wxXLsRQ^F t ORILF�FrQ^F j TYQ�T Q^[]FdmRQ^[ g�E�b�[PQ^F E�phg�s|p�F j4j Q^[3sRQ^[]TVF�sRQ^F  JF�w#E�b�W j Q^[qK
X|n]TV_]TVmRQ^F ">Q^TYn]K�TYQ �
WYQ�ORQ^TVF��?X j Q^WVW'w p�[3w p�mRQ^[]W oLnPn]TVsRQ^F (�XL[]brQ^[Pn E�sRQ�mRXLF v %rMPO8OLE�phg>WYQ^[]FrQ^F v klZ j TYQ nPQ^Z �'[PXL\�WYQ^Z
w p�\NQ^sRQ^s|FrQ^F t�� p�[ j Q^F4w p�FGoLMcbrn]_!mRQ^[]wxQ^[][]_PQ���_]TYMcb�K�[PXL\
Q^F ��\�T ELnPQ j n E�ZBK�WYQ n�� g %�[ j ELn � [cE�TVF�TVF�s
mRQ^[��5Q^F j Q^_xv5��TYQ � p�[ j Q^F Q^[]wxQ^p�s|_xt'TVF j Q^Z �?Q^F�sRQ^F mRXLF D {|{|{�p�F j z|{|{|{ ">Q^TYn]K�TYQ^WYQ^F E�prn j Q^[
E+Q n E�Zq_]Z�Q^F�sRQ ZBTV_ � Q �5Q^TVWYn�s|WYQ^TYMPbrQ^[  lF�w#E�b�W-mRXLF KNX|n]TV_]TVmRQ^F p�F j FrQ^sdE�_]TVmRQ^F�">Q^TYn]K�TYQ^WYQ^F Q^Fd_ �
FrXLZBZ�Q^F � p�[ j Q^F v  lWYn�� Q nP_ j E�_PQ^FrncE�_]w j TYQ^F�_PQ^F E�WVWYQ %�\�[]TVsRQ^F:(�Q^[]_][co�sRQ|v ">Q^T j TYQ nPQ^[y�?Q^_]brX j Q
\NQ n]_PQ^bd_ j TYQ E+Q g�E�b�[xt j ELncn j TYQ���_]TYMcb�K�[PXL\
Q�F�TYMcbd_![PQ^K�[coLnPQ^F�_cE�_]TVm/TYn]_xv
S!ELnUbGE�_Uw p�[!`rXLWVsRQ|t j ELnPn
\NQ^T�w �5Q^T'p�Fd_PQ^[PnPMcb�TYQ j WVTYMPbrQ^F ��_]TYMPb�K�[PXL\NQ^F �-Q^TV_qE�prncQ^TVFGE�F j Q^[!WVTYQ^sRQ^F j Q T Q^[]FrQ^[]sRQ^\�F�TYnPnPQ�Q^[]w TYQ^WV_
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` �f�?QxELn]p�[PQqmRXLF?u l t3uLz�� v�"5Q^T 5 Srv l � TV[ j Q^TVF/`��f�?QxELn]p�[PQ3mRXLF4u|uht D u��aE�phg j Q^[ � `nm�e S+`
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Q^WVWYQ Vhv S wxQ^TVs|_ j TYQ!�'[]sRQ^\�F�TYncnPQ j TYQ nPQ^[tT Q^[]F�W o�phg Q|v ��E�F�n]TYQ^bd_xt j ELnPn j TYQ�DlQ^[cE�prnPFGE�b�Z�Q j Q^[
D u|u l w p�[�%rMPO8sRQ^O|E�phg�_PQ^F!(�Q^[]_][co�sRQUORQ^TVFrQ^F<n]TVs|F�T9_rO|E�Fd_PQ^F �'TVF��rprnPn E�phg j TYQ � pGE�WVTV_co�_ j Q^[iT Q^[]FrQ^[ �
sRQ^\�F�TYnPncQ+F�TVZBZq_xv
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bGE�F j Q^FrnPQ^TVF j Q^[ �?Q^[]O�Z)E�WYQUp�Fd_PQ^[PncMPb�TYQ j Q^F	�5Q^[ j Q^F<OLE�F�F v8klZ j ELn5w p %�\NQ^[]K�[�%hg Q^F t � p�[ j Qlg&%�[
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Q^F �5Q^[ j Q^F t j E�g&%�[ j TYQyZ�Q^TYn]_PQ^F@T Q^[]FdmRQ^[ g�E�b�[PQ^F4ORQ^TVFrQ��>brQ XL[]TYQ^F
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` %�[ j TYQ � (+�ap�F j � Q7.h_]O8W ELnPn]T9_rO|E�_]TYXLFrnPncE�phg sdE�\
Q^F � p�[ j Q>mRXLF 5RXRELMcb�TVZ�n 	 �)� "!$#&%('�) z|{|{|z �GQ^TVF
n]_cE�_]TYn]_]TYnPMcbrQ n T Q^[]F�Z�X j Q^WVW%Q^Fd_ � TYMPORQ^WV_xv�efZ FGoLMcbrn]_PQ^F H3E�K�TV_PQ^W � TV[ j4j TYQ ncQ n3�/X j Q^WVW'w p�[��'[]O8W o1�
[]p�F�s j Q n s|p�_PQ^FFT Q^[]FrQ^[]sRQ^\�F�TYnPnPQ n j Q^[�� (+�;E�phg j Q^[�� `nm�e S+` vlQ^K�[coLnPQ^Fd_cE�_]TYXLF E�F�sRQ �>E�F j _xv
S+E j TYQ nPQ n �?X j Q^WVW E�phg j Q^['" ELn]TYn j Q^[ DUo�p�_rs|ORQ^TV_PnPmRQ^[]_PQ^TVWVp�F�s)mRXLF � IL[]_PQ^[]F<Q^F�_ � TYMPORQ^WV_ � p�[ j Q|t
OLE�F�FqQ n F�TYMPb�_ E�phg j TYQ�\�TVFGo�[PQ^vJQ^K�[coLnPQ^F�_cE�_]TYXLF E�F�sRQ �-Q^F j Q^_ �5Q^[ j Q^F v���Q^TV_PQ^[PQ �/.8KNQ^[]TVZ�Q^Fd_PQ%ZBTV_
E�F j Q^[PQ^F S!E�_PQ^Frnco�_]wxQ^F<n]TVF j FrXL_ �-Q^F j TVsrtrp�Z j TYQ4"J\NQ^[]WYQ^sRQ^F�brQ^TV_ j Q^[ � `�m�e SU` vJQ^K�[coLnPQ^F�_cE�_]TYXLF
w pCE�F j Q^[PQ^FfvJQ^K�[coLncQ^Fd_cE�_]TYXLFrQ^FCw pCp�Fd_PQ^[Pn]prMcbrQ^F v

V|z
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e F j TYQ ncQ^ZaH3E�K�TV_PQ^W � TV[ j<j ELn>s|p�_PQ T Q^[]FrQ^[]sRQ^\�F�TYn j Q^[l� (+� E�phg j Q^[�� `�m�e S+`�vlQ^K�[coLnPQ^Fd_cE�_]TYXLF
E�F�bGE�F j j Q n�n]_cE�_]TYn]_]TYncMPbrQ^F T Q^[]F�Z�X j Q^WVWYnBmRXLF 5RXRELMcb�TVZ�n 	 �)� "! # %('�) z|{|{|z�� p�Fd_PQ^[Pn]prMcbd_xv-�8Q^TVF
�?X j Q^WVW'\NQ �-Q^TYnP_ j TYQ  lF �5Q^F j \GE�[]ORQ^TV_ mRXLF � (U�?nqE�phg�� Q7.h_]O�W ELncn]T9_rOLE�_]TYXLFrn E�phg�sdE�\NQ^F v  lphg j Q^[
" ELn]TYn mRXLF n]_cE�_]TYn]_]TYncMPbrQ^F �'TVsRQ^FrncMPbGE1g _PQ^F Q^Fd_ � TYMPORQ^WV_PQ=5dXRELMPb�TVZ�n �O\>E�_ �fHlXLF�wxQ^K�_PQ?E�WYnB�?X j Q^WVW
g&%�[�� Q7.h_]O�W ELncn]T9_rOLE�_]TYXLFrn E�phg�sdE�\NQ^F v

X+ELMPb j Q^[ �'[]W o�p�_PQ^[]p�F�s j Q nJn]_cE�_]TYn]_]TYncMPbrQ^F T Q^[]F�Z�X j Q^WVWYnUQ^[ giXLWVs|_ j TYQ� lF �5Q^F j p�F�s<E�phg j TYQ (�Q^[ �
n]TYMcbrQ^[]p�F�sRn j E�_PQ^F v �'TVFrQ  lF �5Q^F j p�F�s j Q n>�/X j Q^WVWYn5OLE�F�F �]Q j X�Mcb Q^[PnP_5FGELMcb<Q^[ g XLWVs|_PQ^[�� [cE�Frn g XL[ �
Z)E�_]TYXLF�TVF � `nm�e S+` �/Q^[]O8Z)E�WYQ3Q^[ giXLWVsRQ^F v�* p�[  l\rnPMPbGo�_]w p�F�s j Q^[ �'TVs|Fdp�F�s Q^TVFrQ n S!E�_PQ^FrncE�_]wxQ n
g&%�[lQ^TVFrQ�� `�m�e S+` � [cE�Frn giXL[]Z)E�_]TYXLF � TV[ j Q^TVFrQyDUQ^p�[]TYn]_]TVO/E�F�sRQ^sRQ^\NQ^F v  J\rnPMcb�WVTYQ �RQ^F j � TV[ j/j TYQ
SUTVK�WYXLZ)E�[]\NQ^TV_ w pCQ^TVFrQ^[ mRQ^[��>E�F j _PQ^F  l[]\
Q^TV_lE�\�sRQ^s|[PQ^F�w _xv

� ������� � � � � ��� � � � � �"� � �"� � � � � � ����� � � � ������� ��� � �����
� � � � � � ����� � � � � �"� � �

SUTYQ�`�p�F�O8_]TYXLFrn��-Q^TYnPQ j Q^[y� (U� � p�[ j QBTVF4H3E�K�TV_PQ^W-z�TVZ  J\rnPMcb�F�TV_]_yzhv }hv D Q^[]W o�p�_PQ^[]_xv ��n�� p�[ �
j Q sRQ ncE�s|_xt j ELnPn j TYQ�� (U� sRQ^FGE�p j TYQBDOZ8K
Q^[PQ^\NQ^FrQ!�5o�b�WV_xt j TYQ�E�WVWYQ K
X|nPTV_]TVmRQ^F?p�F j FrQ^sdE�_]TVmRQ^F
">Q^TYn]K�TYQ^WYQUZBTV_>Z)E�.8TVZ)E�WYQ^Z� l\rn]_cE�F j _][PQ^F�F�_xv�SlTYQ ncQUDpZ8K
Q^[PQ^\NQ^FrQJbGE�_ w p �]Q j Q^Z "5Q^TYnPK�TYQ^W
ZBTVFh�
j Q n]_PQ^FrnJQ^TVFrQ^F	 J\rnP_cE�F j mRXLF

δ
v
δ
� TV[ j vUE�F j � Q^F�s|W�v 
 . *21�� 6 � j Q^[JDpZ8K
Q^[PQ^\NQ^FrQ+sRQ^FGE�F�Fd_xv

S!ELn+giXLWVsRQ^F j Q �>brQ XL[PQ^Z wxQ^TVs|_xt j ELnPn j TYQ�HJXLZy\�TVFGE�_]TYXLF mRXLF Q^TVFrQ^Z s|[PX��RQ^FUvlE�F j ZBTV_qQ^TVFrQ^Z
F�TYQ j []TVsRQ^F � [cE�TVF�TVF�sRn]g Q^b�WYQ^[!w p�Q^TVFrQ^[+brXLbrQ^F@E+Q^FrQ^[cE�WVTYnPTYQ^[]p�F�sRn]sRQ^FGE�p�TVs|ORQ^TV_3g&%�b�[]_xv ` %�[ j Q^F4Q^[ �
�>E�[]_PQ^_PQ^F/`rQ^b�WYQ^[�� TV[ j Q^TVFrQy�8MPb�[cE�F�ORQ E�F�sRQ^sRQ^\
Q^F v

� � ���G���	 ! # � - � ����*.G� �
	  ,��+� �� � ��#�x�d�x�)��� � � ���d�7
� �2(4(+*;� . *;, (;, (�	 (�:�� (+*+* . , (

ε(Errn(hSV M ))
(�� 6 (+*�� &IO 
 � , � (�� 	K:�(+* �)*/(;6)6)896�1 � .�: � (+* (+6 7 . 8��
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n
�)*/. 6 � 6�1�: � (�� : H � (;� (;61
 �-,

c ≤ κ(~xi, ~xj) ≤ c+R2 ��E9* (�� 6 ( 
 � 6):+, . 6�, (
c
� � :+, � ( : 	K:0*?N<6�� , 7 89* 	;:

C ≥ 1

ρR2
: ε(Errn(hSV M )) ≤

ρε
(

R2

δ2

)

+ CρR2ε
(

∑n+1
i=1 ξi

)

n + 1

�dWhv D �

C <
1

ρR2
: ε(Errn(hSV M )) ≤

ρε
(

R2

δ2

)

+ ρ(CR2 + 1)ε
(

∑n+1
i=1 ξi

)

n + 1

�dWhv z
�

	 E9* 896���(+*�@ (+*+*;, ( � ��H (+* ( � (;6 (+6 � :+,
ρ
1�� (�� 	;:

1
896 7��;E�* :;, . ���'� ( � ��H (;*/( � (+6 (+6 � :+,

ρ
1<� (�� 	;:

2
Q

SlTYQ ncQ!�8Mcb�[cE�F�ORQ+wxQ^TVs|_xt j ELnPn j TYQ3�8MPb�W %rnPncQ^WVs|[PI��RQ^F j Q^[ vlE�F j
δ
t j TYQtT o�F�sRQ j Q^[ S+XLO�p�Z�Q^F�_]mRQ^Od�

_PXL[PQ^F
R
p�F j<j Q^[ � [cE�TVF�TVF�sRn giQ^b�WYQ^[

ξ
n]TVF j v

kJZ  JprnPn E�sRQ^F %�\NQ^[��Q7.8_]O8W ELnPn]T9_rO|E�_]TYXLFrncE�phg sdE�\
Q^F _][PQ
RNQ^F w p�ORILF�FrQ^F t�g&%�b�[]_PQ 5dXRELMPb�TVZ�n j TYQ
�O\>E�_ �fHJXLF�wxQ^K�_PQ�E�WYn3sRQ^FrQ^[PQ^WVWYQ nq�?X j Q^WVW�Q^TVF v ��nyE�\rn]_][cE�b�TYQ^[]_3mRXLF�Q^TVF�wxQ^WVFrQ^F ��Q7.8_]O8W ELnPn]T9_rO|E�_]T �
XLFrncE�phg�sdE�\NQ^F<p�F j \NQ^[]p�bd_lE�phg�g&%�Fhg n]_cE�_]TYnP_]TYnPMPbrQ^F �'TVsRQ^FrnPMPbGE1g _PQ^F �

• DlX8MPb j TVZ�Q^FrnPTYXLFGE�WYQ^[l�?Q^[]O�Z)E�WYn][cE�p�Z
� Q7.h_]O8W ELnPn]T9_rO|E�_]TYXLFrn]K�[PXL\�WYQ^Z�QJbGE�\NQ^F�Q^TVFrQ^F)brX8MPb j TVZ�Q^FrnPTYXLFGE�WYQ^F �?Q^[]O�Z)E�WYnP[cE�p�Z�v ��Q^F�F
�]Q j Q n!��XL[]_xt j ELn TVF Q^TVFrQ^Z S+XLO8p�Z�Q^Fd_BQ^[PnPMcbrQ^TVFd_xt�E�WYn��/Q^[]O8Z)E�W>\
Q^_][cELMcbd_PQ^_ � TV[ j t bGE1�
\NQ^F$� Q7.h_]O8W ELnPn]T9_rO|E�_]TYXLFrn]K�[PXL\�WYQ^Z�QU\
Q^T
Q^TVF�TVsRQ^F$��E�prncQ^F j S+XLO8p�Z�Q^Fd_PQ^F D {|{|{|{3p�F j Z�Q^b�[
SUTVZ�Q^Frn]TYXLFrQ^F v

• ��KGo�[]WVTYMPb/\
Q nPQ^_]w _PQqSUXLO8p�Z�Q^Fd_]mRQ^O8_PXL[PQ^F
SUTYQ� lF�w#E�b�W j Q^[ Z�ILs|WVTYMcbrQ^F?�?Q^[]O�Z)E�WYQqTYn]_ s|[PX��rv�5RQ j Q nJS+XLO8p�Z�Q^Fd_+Q^Fd_]bGo�WV_ �]Q j X8MPbCF�p�[
Q^TVFrQlO�WYQ^TVFrQ  JF�w#E�b�W
p�Fd_PQ^[PncMPb�TYQ j WVTYMPbrQ^[ ��XL[]_PQ|v�S!ELn5TVZBK�WVTVw TYQ^[]_xt j ELnPn j TYQlS+XLO8p�Z�Q^Fd_]mRQ^O��
_PXL[PQ^FCn]KGo�[]WVTYMcb�\NQ nPQ^_]w _Jn]TVF j v

• DlQ^_PQ^[PXLsRQ^FrQ^[ E+Q^\�[cE�prMPb/mRXLF ��XL[]_PQ^F
(�Q^[��5E�F j _PQ+S+XLO8p�Z�Q^Fd_PQ+Q^Fd_]bGE�WV_PQ^FC�8MPb�W %rncnPQ^W �-IL[]_PQ^[xt�E�\NQ^[5Q n%s|TV\�_-ORQ^TVF$��XL[]_xt j ELn>E�WVWYQ^F
mRQ^[��5E�F j _PQ^F S+XLO8p�Z�Q^Fd_PQ^F sRQ^Z�Q^TVFrncE�Z TYn]_xv%S+XLO8p�Z�Q^Fd_PQ�E�prn j Q^[�s|WYQ^TYMPbrQ^F H3E�_PQ^sRXL[]TYQ
ORILF�FrQ^F/E�prn mRQ^[PncMPb�TYQ j Q^FrQ^F ��XL[]_PQ^F�\
Q nP_PQ^brQ^F v

• DlXLbrQ^[pvJQ j p�F j E�F�w s|[cE�F j
SUTYQ Z�Q^TYn]_PQ^F S+XLO�p�Z�Q^F�_PQJQ^Fd_]bGE�WV_PQ^F Z�Q^b�[>E�WYn%Q^TVF ��XL[]_-w p�[ ">Q n]_]TVZBZyp�F�s j Q^[5H+W ELnPnPQ^Fh�
w p�sRQ^brIL[]TVs|ORQ^TV_xv �'F�_ g Q^[]F�_3Z)E�F j TYQBMPbGE�[cE�O8_PQ^[]TYn]_]TYnPMcbrQ^F��/Q^[]O8Z)E�WYQ|tNORILF�FrQ^F j TYQ mRQ^[]\�WVTYQ �
\NQ^FrQ^F � IL[]_PQ^[ TVZBZ�Q^[lFrX�Mcb�w p�Q^TVFrQ^ZasRQ � TYnPncQ^F EU[cE j<j Q^FCe F�bGE�WV_ \NQ nPMPb�[PQ^TV\NQ^F v

• * TVKhg	� nPMPbrQ n�E+Q nPQ^_]w
S!ELn * TVKhg	� ncMPbrQ@E+Q nPQ^_]wCZ�X j Q^WVWVTYQ^[]_ j TYQCD+o�p�_rs|ORQ^TV_Pn]mRQ^[]_PQ^TVWVp�F�s mRXLF ��XL[]_PQ^F TVF FGE�_�%�[ �
WVTYMPbrnPK�[cELMPb�WVTYMPbrQ^F ��Q7.8_PQ^F 	�� � � � � %�K 
 D u;Sdu �fvGS!ELntE!Q nPQ^_]wq\NQ ncE�s|_(� ��Q^[ j Q^F ��XL[]_PQqFGELMcb

V;S
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TVb�[PQ^['��XL[]_]bGo�p�_rs|ORQ^TV_JsRQ XL[ j FrQ^_xt j E�F�F<s|TVWV_>g&%�[ j TYQ � Q^[]Z�g [PQ-,dprQ^F�w
tfr

j Q n
r
��bGo�p�_rsRn]_PQ^F

��XL[]_PQ n(�

tfr =
1

r
· tfrmax

�dWhv }
�

tfrmax

TYn]_ j TYQ�� Q^[]Z�g [PQ-,�prQ^F�w j Q n bGo�p�_rsRn]_PQ^F ��XL[]_PQ nxv
�?E�F j Q^WV\�[PXL_]mRQ^[]_PQ^TVWVp�F�sRQ^F 	 � -M � �)!�� � � � D u V|u��+wxQ^TVsRQ^F Q^TVFrQ?FrX8MPb sRQ^FGE�prQ^[PQ  JF�KGELn]�
n]p�F�srvG��TYQ �-Q^[ j Q^F j p�[PMPb<giXLWVsRQ^F j Qq`GXL[]Z�Q^W�E�F�sRQ^sRQ^\
Q^F �

tfi =
c

(k + r)φ

�dWhv S �

SlTYQtEUWYQ^TYMPb�p�F�sy\NQ nPMcb�[PQ^TV\�_ j Q^F!* prncE�ZBZ�Q^F�bGE�F�syw � TYncMPbrQ^F j Q^Z D+o�p�_rs|ORQ^TV_Pn][cE�F�s
r
p�F j

j Q^[��Q^[]ZBbGo�p�_rs|ORQ^TV_
tfr

v ��TYQ$� TV[ j j Q n]bGE�WV\ E�prMcb ��sRQ^FrQ^[cE�WVTYn]TYQ^[]_PQ n�� * TVKhg	� nPMPbrQ n�E+Q ncQ^_]w
sRQ^FGE�F�Fd_xv

�<��� � ���#������ # � � 	�� 1G�+� � ��� �h����5�� � �R�d���x�J7�%.�: � � .<,3F3
 � 6L@ ( H ,
TCat([p1 : n1 : f1], ..., [ps : ns : fs])� (+: 	;:0* (�� �;,%(�� 6 ( � � 6 N<*/( 
P� .�: :�� C ��.<, �D� 6 :;.<8��/1 . � (!
 �-,

s
7�� : � 8�6���, (+6 O'(+6�1�(+6 �/� 6 O (+* � 
 .<� (+6 Q

� �2(
i
F , ( O'(+6�10(%(+6�,':+N<� ,

fi
O'(;* � 
 .�� ((Q ��(/70( : HL��:�� , �'��(�	5(�� :�H��2(;� (+6 ,':+N�� ,

pi
O'(+* � 
 .�� ( . 8�: 7�(+*

� (;� (��'� � 10(+6 O'(+6910( 8�6 7 � (/70( :�6 (21 .<, �'��( 	4(�� : H � (;��(+6�,':LN�� ,
ni

O'(+* � 
 .�� ((Q �%.�: 1�� ( � 	;: (PO'(+* � 
 .��
��.<6)6$
 (�:�*�
 .�� : � 6 (�� 6 (�
 � � � 8<
 (+6�, �/� * � ��
 
 (+6Q

5RXRELMcb�TVZ�n bGE�_>sRQ^wxQ^TVs|_xt j ELnPn H+W ELncn]T9_rOLE�_]TYXLFrn E�phg�sdE�\NQ^F thsRQ^FrQ^[PQ^WVW nPQ^KNQ^[cE�[]TYQ^[]\GE�[ n]TVF j t �-Q^F�FCnPTYQ
n]TYMcb�E�WYn'�O\>E�_ �fHJXLF�wxQ^K�_PQyW ELnPnPnPQ^F v8` %�[ j Q^FJvUE�F j

δ
j Q^[>_][PQ^F�FrQ^F j Q^FCDpZ�KNQ^[PQ^\NQ^FrQlbGE�_ Q^[ Q^TVFrQ

p�F�_PQ^[PQy�8MPb�[cE�F�ORQq\
Q � TYQ nPQ^F v

�%��	�	�� ! #	���
�x�d�� � - � ����*.G� �
	  ,��+��
 ���2, � � � ��� �h����5�� � �R�d���x�J7	 E9* � � . ,��
[p1 : n1 : f1], ..., [ps : ns : fs]

� F3
 � 6+@ ( H , ( (���� :+, � (+*;, ��
 
 (;*%(�� 6 ( � �GH)(+*/( � (+6 ( 7 89*
	;:
70(;6 ��* : H * 896�1�Q �%(+* � . 6 7

δ
7�� ( : (+* � ��H (+* ( � (+6 ( � :+, � (+: 	;:0*6N 6���, 7 8�*
	;:

a =
s
∑

i=1

p2
i

fi

δ2 ≥ ac − b2

a + 2b + c


 � ,
b =

s
∑

i=1

pini

fi

c =

s
∑

i=1

n2
i

fi
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�8Q^KGE�[]TYQ^[]\GE�[]ORQ^TV_BTVZBK�WVTVw TYQ^[]_xt j ELnPn j Q^[ � [cE�TVF�TVF�sRn g Q^b�WYQ^[BF�p�WVW>TYn]_xv (�XL[cE�prncnPQ^_]w p�F�s?g %�[ j TYQ$ lFh�
�-Q^F j \GE�[]ORQ^TV_ mRXLF �>brQ XL[PQ^Z D TYn]_5Q^TVFrQ3�8MPb�[cE�F�ORQUg&%�[ j TYQUZ)E�.8TVZ)E�WYQ��'p�O8WVT j TYnPMcbrQ�T�o�F�sRQ

R
j Q^[

SUXLO8p�Z�Q^Fd_]mRQ^O8_PXL[PQ^F v SUTYQ �'p�O8WVT j TYnPMcbrQcT o�F�sRQ j Q nqSUXLO8p�Z�Q^Fd_]mRQ^O8_PXL[Pn Q^TVFrQ n3S+XLO�p�Z�Q^F�_PQBZBTV_
l
� IL[]_PQ^[]F4OLE�F�F4F�TYMcbd_3s|[PI��RQ^[yE�WYn

l
nPQ^TVF v ` %�[![PQxE�WYQBS+XLO�p�Z�Q^F�_]mRQ^O�_PXL[PQ^F TYn]_ j TYQ nPQ)�8MPb�[cE�F�ORQ

F�TYMPbd_qK�[co�w TYnPQ�sRQ^Fdp�srv S!ELn * TVKhg	� nPMcbrQcE+Q nPQ^_]w � TV[ j E�F�sRQ �>E�F j _xt p�Z Q^TVFrQ�sRQ^FGE�prQ^[PQ��8Mcb�[cE�F�ORQ
g %�[

R
E�F�sRQ^\NQ^F�w p<ORILF�FrQ^F v

SlTYQ  lF�FGE�b�Z�Q|t j ELnPn j TYQ � Q^[]Z�g [PQ-,dprQ^F�wxQ^FyTVF �]Q j Q^Z SUXLO8p�Z�Q^Fd_ j Q^Z sRQ^FrQ^[cE�WVTYn]TYQ^[]_PQ^F * TVKhg	� nPMPbrQ^F
E+Q nPQ^_]w)sRQ^brXL[PMcbrQ^F t TVZBK�WVTVw TYQ^[]_yF�TYMcbd_xt j ELnPn Q^TVF�\NQ n]_]TVZBZq_PQ n��XL[]_qZBTV_�Q^TVFrQ^[qsRQ � TYncnPQ^F D+o�ph�
_rs|ORQ^TV_�TVF � Q j Q^Z SUXLO8p�Z�Q^Fd_)mRQ^[]_][PQ^_PQ^F TYn]_xv'S!ELn * TVKhg	� nPMcbrQsE+Q nPQ^_]wCn E�s|_BFdp�[�E�prnxt j ELncn j ELn
r
��bGo�p�_rsRn]_PQ ��XL[]_�ZBTV_�Q^TVFrQ^[BsRQ � TYnPncQ^F DUo�p�_rs|ORQ^TV_BmRXL[]ORXLZBZy_xv%e F p�F�_PQ^[PnPMPb�TYQ j WVTYMcbrQ^F S+XLO8ph�
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(�Q^[]_][cE�s j ELn  >_]_][]TV\�p�_
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E1

\
Q^[PQ Mcb�FrQ^_Jn]TYMPb�g XLWVsRQ^[]F j Q^[]Z)E �RQ^F �
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 >_]_][]TV\�p�_PQ�ZBTV_!Q^TVFrQ^Z o j�j n vlE�_]TYX$��Q^[]_!s|[PI��RQ^[3E�WYn D n]TVF j K
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ZBTV_ Q^TVFrQ^Z o j�j n vlE�_]TYX ��Q^[]_yO�WYQ^TVFrQ^[�E�WYn D n]TVF j FrQ^sdE�_]TVmRQ efF j TVO|E�_PXL[PQ^F�p�F j  >_]_][]TV\�p�_PQ)ZBTV_
Q^TVFrQ^[�o j�j nOvlE�_]TYX�mRXLF D n]TVF j TV[][PQ^WYQ^mLE�F�_PQq�?Q^[]O�Z)E�WYQ|v

SUTYQ ">Q^[PQ MPb�F�p�F�s j Q^[]o j�j n vUE�_]TYX ��Q^[]_PQ�Q^[]s|TV\�_xt j ELnPn+g&%�[ j TYQ EU[]p�K�KNQ j Q^[!brX�Mcbhg�[PQ-,�prQ^Fd_PQ^F
 >_]_][]TV\�p�_PQ!ORQ^TVFrQ+KNX|n]TV_]TVmRQ^F �]Q j X�Mcb g %�Fhg FrQ^sdE�_]TVmRQ3e F j TVOLE�_PXL[PQ^FCQ7.hTYn]_]TYQ^[PQ^F v�e F j Q^[�EU[]p�K�KNQ j Q^[
ZBTV_]_PQ^W g [PQ-,dprQ^F�_PQ^F  >_]_][]TV\�p�_PQ)s|TV\�_3Q nqz|u K
X|nPTV_]TVmRQBp�F j S)V FrQ^sdE�_]TVmRQ�e F j TVOLE�_PXL[PQ^F v D } K
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ORQ^TVFrQ!TV[][PQ^WYQ^m|E�Fd_PQ^F?�/Q^[]O8Z)E�WYQ|v

�'TVFrQ "J\NQ^[Pn]TYMPb�_�%�\NQ^[ j TYQ3efF j TVO|E�_PXL[PQ^F�s|TV\�_  l\�\�TVW j p�F�s Whv zhv
klZ mRXLF j Q^Fyp�F�_PQ^[PnPMPb�TYQ j WVTYMcbrQ^F$�'TVsRQ^FrncMPbGE1g _PQ^F j Q^[ Q^TVF�wxQ^WVFrQ^F (�Q^[]_][co�sRQ5w p�E�\rnP_][cE�b�TYQ^[PQ^F t � TV[ j
Q^TVF _ Z8K�TYnPMPbrQ^[ (�Q^[]_][cE�s�\NQ^_][cELMPb�_PQ^_xv �'TVF j p�[PMPbrnPMcb�F�TV_]_]WVTYMPbrQ^[ (�Q^[]_][cE�s?TYnP_ j p�[PMcb l �?Q^[]O�Z)E�WYQ
sRQ^ORQ^F�F�wxQ^TYMcbd_xv�z V�� j TYQ ncQ^[ l �/Q^[]O8Z)E�WYQ�ORXLZBZ�Q^F \NQ^T%KNX|n]TV_]TVmRQ^F ">Q^TYn]K�TYQ^WYQ^F E�prn j Q^[ �/Q^F�sRQ
j Q^[>brX8MPbhg [PQ-,dprQ^F�_PQ^FCFrQ^sdE�_]TVmRQ^FCe F j TVOLE�_PXL[PQ^F v�5dQ j X�Mcb�_][]TV_]_ ORQ^TVFrQ n j TYQ nPQ^[ �?Q^[]O�Z)E�WYQ+TVF�Q^TVFrQ^Z
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�O\>E�_!� 	 zM��VM�'V �ft � brX�Mcbhg�[PQ-,�prQ^Fd_
	AWM� zM�rz|u �ft�	 {M� D ��S)V �ft � ZBTV_]_PQ^W g�[PQ-,�prQ^Fd_
	 {M� {M� D } �ft�	 {M�G{M�r}|u �ft � F�TYQ j Q^[]TVsLg�[PQ-,�prQ^Fd_

�
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 J\�\�TVW j p�F�s Whv zhv �GefF j TVO|E�_PXL[PQ^F

S+ELn T Q^[]Fd\GE�[]ORQ^TV_PnP_]brQ XL[PQ^Z j Q^[ �O\>E�_ �fHlXLF�wxQ^K�_PQ/\NQ �-Q^TYnP_xt j ELnPn j Q^[�Q^[��>E�[]_PQ^_PQ@E!Q^FrQ^[cE�WVTYn]TYQ �
[]p�F�sRn g Q^b�WYQ^[lQ^TVFrQ^[U� (U� FGELMPb j Q^Z � [cE�TVF�TVF�s E�phg

n
">Q^TYn]K�TYQ^WYQ^F�\NQ nPMPb�[co�F�O8_ TYn]_ j p�[PMcb �

R2

n + 1

a + 2b + c

ac − b2

�dWhv D z
�

S+E�\NQ^T�TYn]_
R2 j TYQyZ)E�.hTVZ)E�WYQ �'p�O8WVT j TYnPMcbrQ T o�F�sRQ�Q^TVFrQ n!�?Q^[]O�Z)E�WYn]mRQ^O8_PXL[Pn!TVF j Q^F � [cE�TVF�TVF�sRn]�

j E�_PQ^F vrSUTYQ!`GE�O�_PXL[PQ^F
a, b, c

ORILF�FrQ^F/E�prn j Q^Z �O\>E�_ �fHlXLF�wxQ^K�_l\NQ^[PQ MPb�FrQ^_ �-Q^[ j Q^F �

a =

5
∑

i=1

p2
i

fi
= 2.041 b =

5
∑

i=1

pini

fi
= 2.207 c =

5
∑

i=1

n2
i

fi
= 5.16

E+Q^brXL[PMPbrQ^F j TYQ � Q^[]Z�g [PQ-,dprQ^F�wxQ^F j Q^Z sRQ^FrQ^[cE�WVTYn]TYQ^[]_PQ^F * TVKhg	� ncMPbrQ^F E+Q nPQ^_]w O|E�F�F j TYQ>Z)E�.hTVZ)E�WYQ
�'p�O�WVT j TYncMPbrQ T�o�F�sRQ

R2 E�\�sRQ nPMPbGo�_]w _ �-Q^[ j Q^F j p�[PMcb

R2 =

d
∑

r=1

(

c

(r + k)2

)2 �dWhv D }
�

efF  J\�\�TVW j p�F�s Whv S TYn]_ j TYQ � Q^[]Z�g [PQ-,dprQ^F�w4sRQ^sRQ^F j Q^F vlE�F�s E�phg sRQ^_][cE�sRQ^F v SlTYQ/sRQ n]_][]TYMcbrQ^WV_PQ
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brX�Mcbhg�[PQ-,�prQ^Fd_ ZBTV_]_PQ^W g�[PQ-,�prQ^Fd_ F�TYQ j []TVsLg�[PQ-,�prQ^Fd_
V�FrQ^srv z|u�KNX|nxv S)V FrQ^srv D } KNX|nxv }|u FrQ^srv

K
X|n#v (�Q^[]_][cE�s z V�� u V�� {�� {�� {��
FrQ^srv (�Q^[]_][cE�s W|zhvAV�� z V�� D zhvAV�� {�� {��

��E�\NQ^WVWYQ�Whv D v � * prncE�ZBZ�Q^FrnPQ^_]w p�F�s�Q^TVFrQ n j p�[PMPbrncMPb�F�TV_]_]WVTYMPbrQ^F/K
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 J\�\�TVW j p�F�sJWhv Srv ���?E�F j Q^WV\�[PXL_]mRQ^[]_PQ^TVWVp�F�s

T TVFrQ3TYn]_ j TYQ� lF�KGELnPn]p�F�s j Q^[l��E�F j Q^WV\�[PXL_]mRQ^[]_PQ^TVWVp�F�s g %�[ j TYQq��E�[cE�Z�Q^_PQ^[
k = 0

p�F j
φ = 1.7

v
kJF�_PQ^[ j Q^[� JF�FGE�b�Z�Q|t j ELnPn j TYQ (�Q^[]_][co�sRQ b�TVF�[PQ^TYMcbrQ^F j brXLZ�XLsRQ^F)nPTVF j tL_][]T9R
_ j ELn'sRQ^FrQ^[cE�WVTYnPTYQ^[]_PQ
* TVKhg	� nPMPbrQpE!Q nPQ^_]wlE�prMPb E�phg TVF j TVm�T j prQ^WVWYQ (�Q^[]_][co�sRQJw p vRSUTYQ [PQ nPp�WV_]TYQ^[PQ^F j QU�8MPb�[cE�F�ORQJg&%�[

R2 TYn]_(�
4
∑

i=1

TF 2
i = 36 ≥ R2 �dWhv D S �

�8Q^_]w _3Z)E�F j TYQ nPQ^F ��Q^[]_qTVF j TYQ E+WYQ^TYMPbdp�F�s�Q^TVF t Q^[]bGo�WV_qZ)E�F�giXLWVsRQ^F j Q �8MPb�[cE�F�ORQ�g %�[ j Q^F Q^[ �
�5E�[]_PQ^_PQ^F/`GQ^b�WYQ^[(�

ε(Errn(hSV M )) ≤ 7, 3665 ∗ 36

n + 1
≤ 266

n + 1

�dWhv D V
�
XUELMcb 5RXRELMcb�TVZ�n��?X j Q^WVW�\
Q^_][co�s|_ j Q^[ Q^[��5E�[]_PQ^_PQ^FcE+Q^FrQ^[cE�WVTYnPTYQ^[]p�F�sRn g Q^b�WYQ^[ FGELMPb Q^TVFrQ^Z � [cE�TVF�TVF�s
E�phg D {|{|{ ">Q^TYn]K�TYQ^WYQ^F �-Q^F�TVsRQ^[?E�WYnCz WhtAW�� v S!E�ZBTV_<TYn]_ sRQ^wxQ^TVs|_xt j ELnPn j Q^[�S!E�_PQ^FrncE�_]w4TVF j Q^[
� `nm�e S+` vJQ^K�[coLnPQ^F�_cE�_]TYXLF�mRXLF�Q^TVFrQ^[ � (+� sRQ^_][PQ^F�Fd_��5Q^[ j Q^F�O|E�F�F v S!ELn3�/X j Q^WVW�WVTYQ giQ^[]_3Q^TVFrQ
�'[]O�W o�[]p�F�s�g %�[ j ELnlQ^[]w TYQ^WV_PQ T Q^[]FrQ^[]sRQ^\�F�TYnxv
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�/TV_ j Q^Z �?X j Q^WVW mRXLF�5RXRELMcb�TVZ�n3W oLnPnP_+nPTYMPb j TYQ T Q^[]Fd\GE�[]ORQ^TV_ j Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�sRn j E�_PQ^F�TVF j Q^[
� `�m�e SU`�vlQ^K�[coLnPQ^Fd_cE�_]TYXLF j p�[PMcb j TYQ�� (+� \NQ �-Q^TYncQ^F v * p�[  J\rncMPbGo�_]w p�F�s j Q^[ T Q^[]Fd\GE�[]ORQ^TV_
E�F j Q^[PQ^[qS!E�_PQ^Frnco�_]wxQ�TVF�Q^TVFrQ^[�� `nm�e S+` vJQ^K�[coLnPQ^F�_cE�_]TYXLF � TV[ j TVF j TYQ nPQ^[� l[]\NQ^TV_ j TYQ �'p�O�WVT j T �
nPMcbrQ T o�F�sRQ j Q^[3�?Q^[]O�Z)E�WYnPmRQ^O�_PXL[PQ^F�mRQ^[��5Q^F j Q^_xv e b�[��'TVF��rprnPnqE�phg j TYQBDUILbrQ j Q n3Q^[��5E�[]_PQ^_PQ^F
E+Q^FrQ^[cE�WVTYnPTYQ^[]p�F�sRn g Q^b�WYQ^[Pn%b�TVW g�_%sRQ Q^TVs|FrQ^_PQ S!E�_PQ^Frnco�_]wxQ g&%�[ j TYQ'� `�m�e S+` vJQ^K�[coLnPQ^F�_cE�_]TYXLFrQ^F E�prn]�
w p �5o�b�WYQ^F v

` %�[-Q^TVFrQ^F S!E�_PQ^FrncE�_]wUZBTV_
n
 >_]_][]TV\�p�_PQ^F

a1, . . . , an

ncQ^T
m
j TYQlZ)E�.8TVZ)E�WYQ � Q^[]Z�g [PQ-,dprQ^F�w!Q^TVFrQ n

 >_]_][]TV\�p�_PQ n
ai
TVF j Q^[ � `�m�e S+` vlQ^K�[coLnPQ^Fd_cE�_]TYXLF v|SUTYQ �'p�O�WVT j TYncMPbrQ T o�F�sRQ-\
Q^_][co�s|_ TVZ nPMPb�WYQ Mcbd_PQ �

n]_PQ^F�` E�WVW � �-XL[Pn]_5MxELnPQ�� √
n ·m t �5Q^F�F E�WVWYQ

n
 >_]_][]TV\�p�_PQlQ^TVFrQ�� Q^[]Z�g [PQ-,dprQ^F�wlmRXLF

m
bGE�\
Q^F v �'TVF

S!E�_PQ^FrncE�_]w)Q^TVs|FrQ^_yn]TYMPb w p�[�� [cE�Frn giXL[]Z)E�_]TYXLF�TVF � `nm�e S+` �/Q^[]O8Z)E�WYQ|t �5Q^F�F j TYQB_cE�_PncoLMcb�WVTYMPbrQ
�'p�O8WVT j TYnPMcbrQ T o�F�sRQ3F�TYQ j []TVsRQ^[lTYn]_JE�WYn j TYQ nPQ^[ ncMPb�WYQ MPb�_PQ n]_PQ `GE�WVW�v

* p�[ vJQxE�WVTYn]TYQ^[]p�F�s j TYQ nPQ^[! l\rnPMPbGo�_]w p�F�s�E�phg Q^TVFrQ^Z S+E�_PQ^Frn E�_]wxQ n�� TV[ j � Q j Q *
Q^TV_][PQ^TVbrQ
zj

j Q n
S!E�_PQ^FrncE�_]wxQ n5E�WYn (�Q^O�_PXL[%ZBTV_

n
 >_]_][]TV\�p�_PQ^F

a1, . . . , an

E�phg sRQ g�ELnPn]_xv|` %�[ �]Q j Q *
Q^TV_][PQ^TVbrQ
zj

O|E�F�F
KGE�[cE�WVWYQ^W �fXLF _]brQ��'Z�� j TYQ � Q^[]Z�g [PQ-,dprQ^F�w g&%�[BE�WVWYQ

n
 >_]_][]TV\�p�_PQ�\NQ^[PQ MPb�FrQ^_ �5Q^[ j Q^F v ��n OLE�F�F

TVF Q^TVFrQ^Z S!E�_PQ^Fd\GE�F�O j p�[PMPb�W E�phg j TYQ=*
Q^TV_][PQ^TVbrQ
zj

ZBTV_ j Q^[BZ)E�.8TVZ)E�WYQ^F ��p�O�WVT j TYnPMcbrQ^F T o�F�sRQ
\NQ n]_]TVZBZq_ �-Q^[ j Q^F v

R̂ = max
zj
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√

√

√

n
∑

i=1

tf(ai, cj)2
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` %�[ j Q^FC` E�WVW�t j ELnPn
R̂ ≤ √

n · m TYn]_xt�TYnP_ j Q^[lS!E�_PQ^FrncE�_]w!g&%�[ j TYQ�� [cE�Frn g XL[]Z)E�_]TYXLF?TVF	� `�m�e SU`
�?Q^[]O�Z)E�WYQ+sRQ Q^TVs|FrQ^_xv

SUTYQ nPQ (�XL[]sRQ^brQ^Frn��5Q^TYnPQ w p�[  J\rncMPbGo�_]w p�F�s�� TV[ j E�F�bGE�F j�j Q^[/(�Q^[Pn]TYMcbrQ^[]p�F�sRn j E�_PQ^F)sRQ^K�[�%hg _xv|` %�[
j TYQ (�Q^[Pn]TYMcbrQ^[]p�F�sRn j E�_PQ^FCTYnP_

n = 13
vrSUTYQ+Z)E�.hTVZ)E�WYQ�� Q^[]Z�g [PQ-,�prQ^F�wqQ^TVFrQ n� >_]_][]TV\�p�_PQ n \NQ^_][co�s|_

15
t
giXLWVs|WVTYMPb�TYn]_

m = 15
v ` %�[ j TYQ �'p�O8WVT j TYnPMPbrQ�T�o�F�sRQ�Q^[]s|TV\�_qn]TYMcb4TVZ nPMPb�WYQ Mcbd_PQ n]_PQ^F `GE�WVW�Q^TVF

��Q^[]_5mRXLF
R =

√
13 · 15 = 54, 08

v8SUTYQl_cE�_PncoLMPb�WVTYMcbrQ+Z)E�.8TVZ)E�WYQ �'p�O8WVT j TYnPMPbrQtT o�F�sRQ
R̂
\
Q^_][co�s|_

22, 91
v SUTYQ nPQ^[���Q^[]_JTYn]_ F�TYQ j []TVsRQ^[UE�WYn j Q^[ w pCQ^[��>E�[]_PQ^F j QynPMcb�WYQ MPb�_PQ n]_PQy` E�WVW�vGS!E�ZBTV_ O|E�F�F j TYQ

�'TVs|F�p�F�s j Q n S!E�_PQ^FrncE�_]wxQ nJw p�[ � `�m�e S+` � [cE�Frn]g XL[]Z)E�_]TYXLF�E�F�sRQ^FrXLZBZ�Q^F �5Q^[ j Q^F v

� ��� � � ��� ����� � � � � ��������� � �

	�� � ' �=M&%�! �LM&% Q^_JE�W�vGz|{|{|z �'nPQ^_]wxQ^F j TYQB� (+� w p�[ (�XL[]brQ^[PncE�sRQ mRXLFCO8[]TV_]TYnPMcbrQ^F �'[PQ^TVs|F�TYncnPQ^F�TVF
Q^TVFrQ^Z \5XLZBK�p�_PQ^[]FrQ^_]w �-Q^[]O Q^TVF v�SUTYQ  Jp�_PXL[PQ^F \
Q^s|[�%�F j Q^F j TYQ ��E�b�W j Q^[B� (U� E�WYn]T Q^[]FdmRQ^[ �

W|}
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giE�b�[PQ^F�ZBTV_3DlTVW g Q mRXLF 5RXRELMcb�TVZ�n��>brQ XL[]TYQ|v �/TV_ j Q^[�"J\NQ^[PQ^TVFrn]_]TVZBZqp�F�s j Q^[3n]_cE�_]TYn]_]TYnPMcbrQ^F �'T �
sRQ^FrnPMPbGE1g _PQ^F�TVb�[PQ^[yS!E�_PQ^F�w p j Q^F�mRXLF:5RXRELMPb�TVZ�nysRQ giXL[ j Q^[]_PQ^F �'TVsRQ^FrnPMcbGE1g�_PQ^F \NQ^s|[�%�F j Q^F�n]TYQ
j TYQ���E�b�W j Q^[U� (+� v

SlTYQ>mRXL[]WVTYQ^sRQ^F j QlSUTVK�WYXLZ)E�[]\
Q^TV_-sRQ^bd_%F�TYMcbd_-Fdp�[-E�phg j TYQ n]_cE�_]TYn]_]TYMcbrQ^F$�'TVsRQ^FrncMPbGE1g _PQ^F j Q^[�p�F�_PQ^[ �
n]prMPb�_PQ^F S!E�_PQ^F)Q^TVF t�nPXLF j Q^[]F)\NQ^[PQ MPb�FrQ^_ E�prMPb j ELn�mRXLF45dXRELMPb�TVZ�n>Q^Fd_ � TYMPORQ^WV_PQ �O\>E�_ �fHJXLF�wxQ^K�_xv
�'TVFC�8MPb �5Q^[]K�p�F�O�_ j Q^[' J[]\NQ^TV_>WVTYQ^s|_JE�phg j Q^[ (�XL[]mRQ^[cE�[]\NQ^TV_]p�F�srt�ZBTV_ \NQ nPXLF j Q^[PQ^[�">Q^[�%rMPOhn]TYMPb�_]T �
s|p�F�s j Q^[ �/Q^[]O8Z)E�WYn]ORXLFrn]_][]p�O8_]TYXLF v

"5Q^T 	�� � '5�NM&% ! �-M % Q^_JE�W�vGz|{|{|z � �5Q^[ j Q^F��?Q^[]O8Z)E�WYQ!giXLWVsRQ^F j Q^[]Z)E �RQ^F�Q^[]wxQ^p�s|_(�
SUTYQq`rXLWVsRQ j Q^[
�'[PQ^TVs|F�TYnPnPQyTVF j Q^Z \5XLZBK�p�_PQ^[]FrQ^_]w �-Q^[]O � TV[ j E�WYn+�8Q-,�prQ^F�wy\NQ^_][cELMPb�_PQ^_xv SUTYQ��8Q-,�prQ^F�w!� TV[ j TVF
n
`rQ^Frn]_PQ^[BKGE�[]_]TV_]TYXLF�TYQ^[]_xv'` %�[ � Q j Q^F j Q^[

m
��[PQ^TVs|F�TYn]_ Z8K
Q^F#� TV[ j TVb�[PQ D+o�p�_rs|ORQ^TV_ TVF�FrQ^[]bGE�WV\

j Q^[-`rQ^Frn]_PQ^[5\NQ n]_]TVZBZq_xv  Jphg j TYQ nPQ ��Q^TYnPQ�� TV[ j Q^TVFrQ
m×n

�f��E�_][]T .)Q^[]wxQ^p�s|_xv8SlTYQ ">Q n]_]TVZBZqp�F�s
j Q^[+D+o�p�_rs|ORQ^TV_3Q^TVFrQ n �'[PQ^TVs|F�TYn]_ Z�Krn3TVF�Q^TVFrQ^Z `GQ^Frn]_PQ^[!OLE�F�F�E�WYn!D+o�p�_rs|ORQ^TV_Pn]ORX j TYQ^[]p�F�s/E�F�sRQ �
nPQ^brQ^F �5Q^[ j Q^F v SUTYQ)mRXL[]WVTYQ^sRQ^F j Q SUTVK�WYXLZ)E�[]\NQ^TV_y\NQ^[�%rMPOhn]TYMcbd_]TVs|_Bw prnco�_]w WVTYMcb j TYQ  JFGE�WYXLs|TYQ�w p�[
SUXLO8p�Z�Q^Fd_ g [PQ-,�prQ^F�wRv

	�� � '5�NM&% ! �-M&% Q^_JE�W�v z|{|{|z��r\
Q^_PXLFrQ^F j Q^F%(�XL[]_PQ^TVW j Q^[5� (+�ag&%�['TVb�[PQ T Q^[]FGE�phg sdE�\NQlE�prnPnPMcb�WVTYQ �L�
WVTYMPb %�\NQ^[ j TYQ �'[ g %�WVWVp�F�s j Q^[�n]_cE�_]TYn]_]TYnPMcbrQ^F �'TVsRQ^FrnPMcbGE1g�_PQ^F vlefZ E+Q^sRQ^Frn E�_]w j E�w p wxQ^TVs|_ j TYQ
mRXL[]WVTYQ^sRQ^F j Q� J[]\NQ^TV_xt j ELnPn j TYQ � `�m�e SU` � [cE�Frn g XL[]Z)E�_]TYXLF j Q^[ �/Q^[]O8Z)E�WYQ+mRXL[� lF �-Q^F j p�F�s j Q^[
� (U� w p�Q^TVFrQ^[ (�Q^[]\NQ nPnPQ^[]p�F�s j Q^[OT Q^[]FrQ^[]sRQ^\�F�TYnPnPQ!g&%�b�[]_xv
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SUTYQ � pGE�WVTV_co�_ j Q n8T Q^[]FrQ^[]sRQ^\�F�TYncnPQ n�\
Q^T j Q^[ � TYncnPQ^FrnPQ^Fd_ j Q McO�p�F�s+TYn]_'E�\�bGo�F�s|TVs!mRXLF�Q^TVFrQ^[ sRQ Q^TVsL�
FrQ^_PQ^FJvJQ^K�[coLnPQ^F�_cE�_]TYXLF j Q^[%w p<E�FGE�WrZ8n]TYQ^[PQ^F j Q^F<S!E�_PQ^F v8SlTYQ � [cE�Frn giXL[]Z)E�_]TYXLF j Q^[ivJXLb j E�_PQ^F TVF
Q^TVFrQJsRQ Q^TVs|FrQ^_PQpvlQ^K�[coLnPQ^Fd_cE�_]TYXLF TYn]_  lphg sdE�\
Q j Q^[ (�XL[]mRQ^[cE�[]\NQ^TV_]p�F�srv ��TVF)w p�FGoLMPbrnP_-p�F�sRQ Q^TVs|FrQ^_
Q^[PnPMcbrQ^TVFrQ^F j Q^[��?Q^[]O�Z)E�WYnP[cE�p�Z OLE�F�F j p�[PMPb �?Q^[]O�Z)E�WYn E�prn��5E�b�Wlp�F j �/Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s
nPX?\NQxE�[]\
Q^TV_PQ^_ �5Q^[ j Q^F t j ELnPnBQ^[�g&%�[ j TYQ � TYncnPQ^FrnPQ^Fd_ j Q McO�p�F�s mRQ^[��-Q^F j Q^_ �5Q^[ j Q^F O|E�F�F v ">Q^T
j Q^[B�?Q^[]O�Z)E�WYncE�prn �5E�b�W��5Q^[ j Q^F E�prn j Q^Z sRQ ncE�Zq_PQ^F �?Q^[]O8Z)E�WYn][cE�p�Z j TYQ \
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KNXL[cE�WYQ^F S!E�_PQ^F � TYQ8*
Q^TV_ �3X j Q^[��'[PQ^TVs|F�TYnPnPQ-,�prQ^F�wxQ^F Q^TVF�w prnPQ^_]wxQ^F v �'TVFrQ �?ILs|WVTYMPb�ORQ^TV_B\NQ n]_PQ^bd_
j E�[]TVF t j TYQ �lF j Q^[]p�F�s/mRXLF �/Q^[]O8Z)E�WYn��-Q^[]_PQ^F w p�\NQ^_][cELMPb�_PQ^F t�Q^TVFrQ E�F j Q^[PQ|t j ELn (�XL[]ORXLZBZ�Q^F
mRXLFB�?Q^[]O�Z)E�WYn��5Q^[]_PQ^F�w pBp�Fd_PQ^[PnPprMPbrQ^F v
">Q^T j Q �?ILs|WVTYMPb�ORQ^TV_PQ^F � p�[ j Q^F)E�WYn olKNQ^[cE�_PXL[PQ^FBTVZ �/T �
F�TVF�s �?E�[]_U�<Zhn]_PQ^Z [PQxE�WVTYn]TYQ^[]_xvGSUTYQ� lF �5Q^F j \GE�[]ORQ^TV_!mRXLF	� `�m�e S+` w p�[U�/Q^[]O8Z)E�WYn]sRQ^FrQ^[]TYQ^[]p�F�s
� p�[ j Q E�FBQ^TVFrQ^Z S!E�_PQ^FrncE�_]w j Q^[ (�Q^[Pn]TYMPbrQ^[]p�F�sRncE�FrnP_cE�WV_5� � TYnPn8T T giQ-sRQ^_PQ nP_PQ^_xv|SlTYQ ncQ^[�S!E�_PQ^FrncE�_]w
p�Z�g�ELnPn]_ H+p�F j Q^Fh�5p�F j (�Q^[Pn]TYMPbrQ^[]p�F�sRnPmRQ^[]_][cE�sRn j E�_PQ^F�TVFCE�FrXLF)Z8ZBTYn]TYQ^[]_PQ^[U`GXL[]Z�vrSUTYQ� Jphg sdE�\NQ
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